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Abstract. We show that homologically projectively dual varieties for Grassmannians Gr(2, 6) and Gr(2, 7) 
are given by certain noncommutative resolutions of singularities of the corresponding Pfaffian varieties. As 
an application we describe the derived categories of linear sections of these Grassmannians and Pfaffians. 
In particular, we show that 

■ (1) the derived category of a Pfaffian cubic 4- fold admits a semiorthogonal decompositions consisting 

of 3 exceptional line bundles, and of the derived category of a K3-surface; 

(2) mutually orthogonal Calabi-Yau linear sections of Gr(2, 7) and of the corresponding Pfaffian variety 
^3 ' are derived equivalent. 

We also conjecture a rationality criterion for cubic 4-folds in terms of their derived categories. 
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1. Introduction 



o 
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Derived categories of coherent sheaves on algebraic varieties and their semiorthogonal decompositions 
■ lately attract a lot of interest. The most powerful method to produce such decompositions was introduced 
S in [K3]. It allows to describe derived categories of all complete linear sections of a given algebraic variety 
X if its Homologically Projectively Dual variety is known. In this paper we find Homological Projectively 
Dual varieties for the Grassmannians Gr(2, 6) and Gr(2, 7) and produce the corresponding semiorthogonal 
decompositions for their linear sections. 



The Homological Projective Duality (HP-duality for short) is a homological extension of the classical 



notion of projective duality. To a smooth (noncommutative) algebraic variety X with a map X — > F(V) 
to a projective space it associates a smooth (noncommutative) algebraic variety Y with a map Y —* P(V*) 
^ ; into the dual projective space, depending on a choice of a semiorthogonal decomposition of V b {X) of a 
specific form (a Lefschetz decomposition). All necessary definitions can be found in section 2. Now we 
describe the HP-dual varieties for Gr(2,6) and Gr(2,7). 

Let If be a vector space, dimVF = n. Consider the projective space P(A 2 VF*) of skew-forms on W. 
For each < t < [n/2\ we consider the following closed subset of P(A 2 iy*) 



Pf(2i,n) = Pf(2i,W*) :=P({w G A 2 W* | rank(w) < 2t}), 



where rank(w) is the rank of u (the dimension of the image of the map W — > W* induced by uj). This 
subsets form a filtration of P(A 2 iy*). It is clear that Pf(2[n/2j, W*) = ¥(A 2 W*). The biggest proper 
component of this filtration is Pf(2[n/2j — 2, W*), we call it the Pfaffian variety, or simply the Pfaffian. If 
n = dim W is even then the Pfaffian variety Pf(n — 2, W *) is a hypersurface of degree n/2 (its equation 
is the Pfaffian polynomial of a general skew- form), and if n = dimW is odd then the Pfaffian variety 
Pf(n — 3, W*) has codimension 3 (its ideal is generated by Pfaffians of principal minors of a general 
skew-form). Other varieties Pf(2t, W*) will be called generalized Pfaffian varieties. 

It is a classical result that the Pfaffian variety Y = Pf(2|_n/2j — 2, W*) is (classically) projectively dual 
to the Grassmannian X = Gr(2, W). However, it is singular along Pf(2[n/2j — 4, W*), so it cannot be 
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HP-dual to X. By some speculations based on the properties of HP-duality one can argue that the HP- 
dual of X should be given by a (noncommutative) resolution of singularities of Y. Usual (commutative) 
resolutions of Y turn out to be too big, so noncommmutative resolutions come into focus. 

A noncommutative resolution of singularities of an algebraic variety Y is a coherent sheaf 1Z of O- 
algebras on Y which is a matrix algebra at the generic point of Y (birationality, up to Morita equivalence) , 
and which has finite homological dimension (smoothness). Such noncommutative resolutions of Pfaffian 
varieties Pf (4, 6) and Pf(4, 7) were constructed in [K6]. The main result of the present paper is the 
following 

Theorem 1. Let W be a vector space, dimW = 6 or dimH^ = 7. Let (Y,7Z) be the noncommutative 
resolution of singularities of the Pfaffian variety Y = Pf(4, W*) constructed in [K6]. Then (Y,1Z) is 
Homologically Projectively Dual to the Grassmannian X = Gr(2, W). 

As we already mentioned above, whenever we have a pair of HP-dual varieties, there are semiorthogonal 
decompositions for their linear sections. In our case we obtain semiorthogonal decompositions for linear 
sections of the Grassmannians Gr(2, 6), Gr(2, 7) and of the corresponding Pfaffians Pf(4, 6), Pf(4, 7). The 
following particular case of these decompositions seems to be especially interesting. 

Theorem 2. Let Y' be a smooth Pfaffian cubic 4-fold in P 5 . Then there is a semiorthogonal decomposition 

V h {Y') = {0(-3),0(-2),0(-l),V b (X')) 
where X' is a smooth K3-surface of degree 14. 

By definition, a Pfaffian cubic fourfold is an intersection of the Pfaffian Y = Pf (4, 6) C P 14 with a 
linear subspace P 5 C P 14 (not every cubic 4-fold is isomorphic to a Pfaffian cubic, the Pfaffian cubics 
form a divisor in the moduli space of all cubic 4- folds). The corresponding K3-surface X' is then the 
intersection of the orthogonal linear subspace P 8 C (P 14 ) v with the Grassmannian Gr(2, 6). 

A relation of cubic 4-folds to K3-surfaces has been known for a long time. For example, they have 
similar primitive Hodge structures in the middle cohomology [H2]. Also, it is known that the Fano 
variety of lines on a cubic 4-fold is a deformation of the Hilbert scheme of length 2 subschemes on a K3 
surface [BD]. For Pfaffian cubics, this relation is more explicit. The primitive Hodge structure of X' is 
a substructure of the primitive Hodge structure of Y', and the Fano variety of Y' is isomorphic to the 
Hilbert scheme of X' [BD] . Moreover, the Pfaffian cubics are known to be rational, and the birational 
transformation from P 4 to Y' includes a blow-up of a K3-surface isomorphic to X'. 

Note that the line bundles 0(— 3), 0{— 2), O(-l) form an exceptional collection on any cubic 4-fold Y' 
(not necessarily Pfaffian). So, for every Y' we can consider a triangulated category 

C' = ± (0{-3),0(-2),0{-l)) C V b (Y'), 

which by Theorem 2 is equivalent to the derived category of a K3-surface if Y' is Pfaffian, and thus for 
general Y' , being a deformation of the derived category of a K3-surface, can be considered as the derived 
category of a noncommutative K3-surface. These speculations suggest the following 

Conjecture 3. A smooth cubic 4-fold Y' is rational if and only if the triangulated category 

C' = ± (0(-3),0(-2),0(-l)} C V b {Y') 
is equivalent to the derived category of a usual Ki-surface. 

This conjecture is supported by the following observation. Assume that Y' is a smooth cubic 4-fold, 
containing a plane P 2 C Y' C P 5 . The projection from this plane makes Y' into a family of 2-dimensional 
quadrics parameterized by another P 2 . The degenerate quadrics in the family are parameterized by a 
sextic curve, and the sheaf of even parts of Clifford algebras corresponding to this family of quadrics 
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comes from a sheaf of quaterinionic algebras Q on the double cover of P 2 branched in the sextic curve, 
which is a K3-surface. This K3-surface ringed with a sheaf of agebras Q can be considered as a twisted 
K3-surface, which is a particular class of noncommutative K3-surfaces. Using results of [K4] one can 
show that C is equivalent to the derived category of this twisted K3. On the other hand, one can check 
that the class of Q in the Brauer group vanishes (and noncommutativity of the K3-surface vanishes as 
well) precisely when the corresponding family of 2-dimensional quadrics has a rational section, which, as 
was noticed by B.Hasset in [HI], implies rationality of the cubic Y'. 

Another interesting application of Theorem 1 is the following. Let dimPF = 7, consider the Grass- 
mannian X = Gr(2, 7) = Gr(2,W) C P(A 2 W) and the corresponding Pfaffian variety Y = Pf(4, 7) = 
Pf(4, W*) C P(A 2 W*). Let L C A 2 W* be a 7-dimensional subspace and let L 1 - C A 2 W be its orthogonal 
subspace (14-dimensional). Denote by Xl = X n P(L _L ) and Yl = Y n P(£) the corresponding linear 
sections. Note that the expected dimension of both Xl and Yl is 3. 

Theorem 4. If dim X L = dimY L = 3 and P(L) C F(A 2 W*) doesn't intersect Gr(2,W*) C F(A 2 W*), 
then there is an equivalence of categories 

V b {X L ) = V b {Y L ). 

If the condition dim Xl = dim Yl = 3 holds then both Xl and Yl are Calabi-Yau. So, the above Theo- 
rem gives an example of derived-equivalence between non-birational Calabi-Yau 3-folds. This equivalence 
was predicted by E.R0dland [R], who compared solutions of the Picard-Fuchs equations corresponding 
to these Calabi-Yau families and argued that they have the same mirror. Another argument from the 
point of view of string theory was given recently by K.Hori and D.Tong [HT]. Theorem 4 has been 
independently proved in a particular case of smooth Xl and Yl by L.Borisov and A.Caldararu in [BC] 
by a direct calculation. The equivalence in [BC] is given by the same functor as in our proof. 

Now let us say a few words about possible generalizations. First of all, it is natural to consider the 
case of dim W > 7. Then we expect the following 

Conjecture 5. Let X = Gr(2,W) C P(A 2 W) and let Y = Pf(2[n/2j - 2,W*) C P(A 2 W*) be the 
corresponding Pfaffian variety. There exists a noncommutative resolution of singularities (Y, 71) of Y 
which is Homologically Projectively Dual to X. 

We expect the noncommutative resolution (Y,1Z) of Y = Pf(2[n/2j — 2,W*) for dimVF > 7 to be 
constructed in a similar way as for dimVF = 6,7, see section 3. Moreover, we expect that our proof of 
Theorem 1 should work in the general situation as well. Among other applications, Conjecture 5 would 
lead to a description of derived categories of Pfaffian hypersurfaces of all degrees. 

Another direction of generalization is to consider generalized Pfaffian varieties. 

Conjecture 6. For every < t < [n/2\ there exist noncommutative resolutions of singularities of the 
generalized Pfaffian varieties X = Pf (2t, W) and Y = Pf(2[n/2j — 2t,W*) which are Homologically 
Projectively Dual. 

Now let us describe the structure of the paper. In section 2 we introduce the necessary background, 
reminding the notions of semiorthogonal and Lefschetz decompositions and giving a brief overview of 
Homological Projective Duality. In section 3 we describe the noncommutative resolutions of singularities 
of the Pfaffian varieties Pf(4, 6) and Pf(4, 7). In section 4 we give a precise formulation and a plan of 
the proof of Theorem 1. The detailed proof takes sections 5-9. Finally, in sections 10 and 11 we list the 
corollaries of the Homological Projective Duality in cases dim W = 6 and dim W = 7. In particular, we 
prove Theorem 2 in section 10 and Theorem 4 in section 11. 

Acknowledgements: I am grateful to A. Bondal, D. Kaledin, and D. Orlov for very helpful discus- 
sions. Also I would like to thank K. Hori who pointed out to me the Rodland's work. 
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2. Preliminaries 

We start this section with a brief reminder of the notions of Lefschetz decompositions and Homological 
Projective Duality. The general reference for this is [K3]. 

2.1. Notation. All algebraic varieties are assumed to be of finite type over an algebraically closed field k. 
For an algebraic variety X, we denote by V b (X) the bounded derived category of coherent sheaves on X, 
and by T>~(X) the unbounded from below derived category of coherent sheaves. For F,G £ T>~(X), we 
denote by RHom(F,G) the local R7iom-complex and by F <g) G the derived tensor product. Similarly, 
for a map / : X — > Y, we denote by /* the derived pushforward functor and by /* the derived pullback. 
Finally, / ! stands for the twisted pullback functor. 

2.2. Semiorthogonal decompositions. If A is a full subcategory of T then the right orthogonal to A 

in T (resp. the left orthogonal to A in T) is the full subcategory A ± (resp. ± A) consisting of all objects 
TeT such that Hom T (A,T) = (resp. Hom r (T,,4) = 0) for all A G A. 

For any sequence of subcategories Ai,..., A n in T we denote by (*4i, . . . , A n ) the minimal triangulated 
subcategory of T containing Ai, ... , A n . 

Definition 2.1 ([BK, BOl, B02]). A sequence Ai, ■ ■ ■ ,A n of full triangulated subcategories in a trian- 
gulated category T is called semiorthogonal collection if Homr(Ai,Aj) = for i > j. A semiorthogonal 
collection Ai, ■ ■ ■ , An is a semiorthogonal decomposition of T if for every object T 6 T there exists a chain 
of morphisms = T n — > T n _i Tl — ► To = T such that the cone of the morphism T& — > Tfc_i is 

contained in Ak for each fc = l,2,...,n. In other words, if there exists a diagram 

= T n T n _i • • • T 2 Ti T = T 




A n ••• A 2 A 1 



where all triangles are distinguished (dashed arrows have degree 1) and Ak € Ak- 

Thus, every object T € T admits a decreasing "filtration" with factors in Ai, ... , A n respectively. 
Semiorthogonality implies that this filtration is unique and functorial. 

If T = (Ai, • • • ,A n ) is a semiorthogonal decomposition then Ai = ± (A\, . . . ,Ai-i)r\(Ai+i, ■ ■ ■ ,A n )~ L - 

Definition 2.2 ([BK, B]). A full triangulated subcategory A of a triangulated category T is called right 
admissible if the inclusion functor i : A — > T has a right adjoint v : T — > A, and left admissible if it has a 
left adjoint i* : T — > A. Subcategory A is called admissible if it is both right and left admissible. 

Lemma 2.3 ([B]). IfT = (A, is a semiorthogonal decomposition then A is left amissible and B is right 
admissible. If Ai, ■ ■ ■ ,A n is a semiorthogonal collection in T such that Ai, . . . ,Ak are left admissible 
and Ak+i, ■ ■ ■ , A n are right admissible then 

(Al, ■ ■ ■ , Ak: (Al, ■ ■ ■ , Ak) n (Ak+li ■ ■ ■ > An) lAk+li ■ ■ ■ iAn) 

is a semiorthogonal decomposition. 

Let / : X — > S be a morphism of algebraic varieties. Triangulated subcategory A C T> b (X) is called 
S*-linear [K2] if it is stable with respect to tensoring by pull-backs of vector bundles on S: 

A® f*F C A for any vector bundle F on S. 

If Ei, E2, ■ ■ ■ , E n is a sequence of objects of V b (X) of finite Tor-dimension over S we denote by 
(Ei, E2, . . . , E n )s the 5-linear triangulated subcategory of V b (X) generated by Ei, E2, ■ ■ ■ , E n - In other 
words, (Ei,E 2 , ...,E n ) s = (E 1 f*V b (S),E 2 f*V b (S), ...,E n ® f*V b (S)). 
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A semiorthogonal collection (Ai,A2, ■ ■ • , An) C D b (X) is S-linear if all subcategories Ak are S-linear. 
If A is an S'-linear admissible subcategory in D b (X) then both A 1 - and ^A are S'-linear and semiorthogonal 
decompositions V b (X) = (A,- 1 A) = (A- 1 -, A) are S-linear. 

Let / : X -> S and g : Y -> S be morphisms to S. A functor $ : D 6 (A") -> X> 6 (y) is called S-linear 
[K2] , if there is given a bifunctorial isomorphism 

<!>{G®f*F) ^<S>(G)®g*F, 

where G G X> fe (A) and F is a vector bundle on S. If an S-linear functor $ : D 6 (A) -> V b (Y) has an 
(either left or right) adjoint functor * : V b (Y) -> £> 6 (A) then * is also S-linear. 

2.3. Kernel functors. Let X and Y be smooth projective varieties and let px '■ X x Y — > X and 
py : I x F -t F denote the projections. Take any if G 2? 6 (X x Y) and define a functor 

We call <&k the kernel functor with kernel K. 

Lemma 2.4 ([BOl]). The functor $> K : V b (Y) — > V b (X) admits a left adjoint functor <&* K which is 
isomorphic to a kernel functor <&^# : V b {X) — > V b {Y) with the kernel if* := RHom(K, ujx[dimX]). 

Consider kernels K G T> b (X x 1"), L G D 6 (y x Z). Denote by pxy, Pyz and pxz the projections of 
XxYxZ to XxY, Y x Z and IxZ respectively. The convolution of kernels is defined as follows 

KoL :=p X z*{PxY K ®Pyz l )- 

It is well known [BOl, B02] that the composition of kernel functors is given by the convolution of their 
kernels 

° — ®KoL, $2 ° = ®KoL- 

Let / : X — ► S and g : Y — > S be morphisms to S. Let j : X x$ Y — > X x S be the embedding. If 
K G £> 6 (A x s y) then the functors : V b {Y) -> P 6 (A") and : £> 6 (A) -» P fe (y) are S-linear. 

If .4, C is a triangulated subcategory and S is a scheme we denote by A Kl V b (S) the minimal 

triangulated subcategory of V b (X x S) containing all objects of the form AMF, where A € A, G G V b (S). 

Lemma 2.5. i/X is a smooth projective variety, A C V b (X) is an admissible subcategory equivalent to 
V b (Y) for some smooth projective variety Y and S is any scheme then A H V b {S) ^ V b {Y x S) is an 
admissible S-linear subcategory in V b (X x S). 

Proof: By theorem of D.Orlov [01, 02] any equivalence V b {Y) ->ic V b (X) is isomorphic to a kernel 
functor <S> K : V b (Y) -> V b (X), K G V b {Y x X). Let A:Fx5xI^FxSxIxSbe the embedding 
induced by the diagonal embedding of S. Then it is easy to see that A* (if IEI O5) gives an S-linear fully 
faithful functor V b {Y xS)^V b {Xx S) inducing an equivalence V b {Y x S) -> A H V b (S). □ 

2.4. Lefschetz decompositions. Let X be an algebraic variety and let OxiX) be a line bundle on X. 

Definition 2.6 ([K3]). A Lefschetz decomposition of the derived category V b (X) is a semiorthogonal 
decomposition of the form 

V b {X) = (A ,Ai{l),...,Am-i(m - 1)>, where C A m -i C ■ • • C Ai C A C X> 6 (A). 

Similarly, a dual Lefschetz decomposition of Z? b (X) is a semiorthogonal decomposition of the form 

V b {X) = (A m -i(l-m),...,Ai(-l),A ), where C An-i C • • • C Ai C A CV b (X). 
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Actually, these notions are equivalent. Given a Lefschetz decomposition one can canonically construct 
a dual Lefschetz decomposition with the same category Ao and vice versa. 

Let V b (X) = (Ao, Al(1), . . . ,Am-i(m — 1)) be a Lefschetz decomposition. Let denote the right 
orthogonal to Ak+i in Ak, so that we have a semiorthogonal decomposition 

Ah = (dfc, Ofc+l, . . . , Om-i). 

The categories do, cl±, . . . , a m _i are called primitive categories of the Lefschetz decomposition. 
Denote by ao : Ao — > V b (X) the embedding functor and let «q : D b {X) — ► ^4q be its left adjoint. 

Lemma 2.7 ([K3]). 77ie functor is fully faithful on subcategories a k {k + 1) C T> b (X) and there is a 
semiorthogonal decomposition Ao = (ag(ao(l)), ag(ai(2)), . . . ,«g(o m _i(m))). 

We call this semiorthogonal decomposition of Ao the dual primitive decomposition. 
The simplest example of a Lefschetz decomposition is given by the Beilinson exceptional collection on 
the projective space P n : 

V b (F n ) = (0,0(l),...,0(n)). 

Here Ao = A\ = ■ ■ ■ = An = (O). The primitive categories are Oo = • • • = = and a n = {O). 

More relevant for the present paper are the following Lefschetz decompositions of the derived categories 
of Grassmannians Gr(2, W) of lines in a vector space W. Let U denote the tautological rank 2 vector 
bundle on Gr(2, W). Then £> 6 (Gr(2, W)) = (A , Ai(l), . . . , Am-i{m - 1)), where m = dim W and 

A = Ai = ---= Am-i = <S fc_1 M, ...,U,0), if m = 2k + 1 

A = • • • = *4fc-i = (S k - l U, ...,U,0), A k = ---= A 2k -i = {S k - 2 U, ...,U,0), if m = 2k. 

These decompositions were constructed in [K5]. The primitive subcategories here are 

a = ai = --- = a m _ 2 = 0, a m _i = {S k ~ l U, . . . , U, O), if m = 2k + 1 

ao = ■ ■ ■ = a fc - 2 = o fc = ■ ■ ■ = a 2fe _2 = 0, o fe _i = (S ,fe_1 W), a 2fc -i = (S k - 2 U, ...,U,0), if m = 2fc. 

The dual primitive decomposition takes form 

A = *4o form = 2fe + l, A = (A fe_1 (W/W), ^(A^^W/W))) for m = 2k. 

2.5. Homological projective duality. Fix a smooth projective variety X and a Lefschetz decompo- 
sition V b {X) = (Ao,Ai(l),...,A\-i(\ - 1)) with respect to a line bundle O x {l)- Let / : X -> P(F) 
be a morphism into a projective space such that /*(Op(y)(l)) = Ox(l) and let C X x P(V*) be the 
universal hyperplane section of X (i.e. the canonical divisor of bidegree (1, 1) in X x P(V*)). 

Definition 2.8 ([K3]). An algebraic variety V with a projective morphism g : Y — > P(V*) is called 
Homologically Projectively Dual to / : A" — ► P(V) with respect to the given Lefschetz decomposition, if 
there exists an object £ G V b {X x P( y*) 1") such that the kernel functor $ = $ f : D 6 (Y) — > is fully 

faithful and gives the following semiorthogonal decomposition 

V b {X) = {$(V b (Y)),Ai(l) ^V b (P(V*)),...,A^ 1 (\ - l)^V b (P(V*))). 

For every linear subspace L C V* we consider the corresponding linear sections of X and Y: 

X L =X x P{v) P(L ± ), Y L = Y x nv * } P(L), 

where L 1 - C V is the orthogonal subspace to I C V*. Let N = dimV. 

The main property of Homologically Projectively Dual varieties is the following 
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Theorem 2.9 ([K3]). // Y is Homologically Projectively Dual to X then 

(i) Y is smooth and V b {Y) admits a dual Lefschetz decomposition 

V b (Y) = - j), . . . Bo), OcBhC-cBjC^oC V b {Y) 

with the same set of primitive subcategories: Bk = (cio, • • • , a.N-k-2); 

(ii) for any linear subspace L C V* , dim I, = r, such that we have dimXx, = dim A — dimL, and 
dimli = diml" + dimL — N there exist a triangulated category Cl and semiorthogonal decompositions 

V\X L ) = (C L ,A(l),...,A-i(i-r)) 

V\Y L ) = {B j - 1 (N-r-s),...,B N - r (-l),C L ). 

We will need below the following necessary and sufficient condition for an algebraic variety Y to be 
Homologically Projectively Dual to X. 

Let g : Y -> F(V*) be a regular map. Note that the map X x P(y ») Y C (X x F(V*)) x P(y ») Y ^ X xY 
identifies X Xp^.j Y with a divisor of bidegree (1, 1) in X x Y which we call the incidence quadric and 
denote by Q(X, Y). Let j denote the embedding Q(X, Y) = X Xp(y») Y — > X x Y. Assume that we are 
given an object S £ V b (Q(X,Y)) such that the kernel functor <$> jt£ : V b (Y) -> V b (X) is a fully faithful 
embedding into a subcategory 

C = [(Ai(l) El D b (P(V*)), . . . , ^j_i(i - 1) M V b (F(V*)))} ± . 

In [K3] there was constructed the following dual Lefschetz collection in the category C: 

{B' i _ 1 (l-}),B' i _ 2 (2-i),...,B' 1 (-l),B' )cC, 

where j = N — 1 — maxjfc | At = Ao} and 

B' k = 7 V*(aS(oo(l)), ■ ■ ■ , «S(^- 2 (iV — k — 1))) c 2$ = 7 VM , (1) 

the image of the part (qq(cio(1)), . . . , ao( a iV-fc-2(A — k — 1))) of the dual primitive decomposition of the 
category A under the functor 7*tt* : A C V b (X) ^ V b (X) -» C, where 7* : -> C is the left 

adjoint functor to the embedding functor 7 : C — > D 6 (A"), and 7r : — > X is the projection. 

Theorem 2.10. Assume that the functor <&j,s : £> 6 (1") — > P b (<Y) induces a fully faithful embedding 
V b (Y) — > C. issame additionally that the functor $j t£ Tr* ■ V b (X) — > Z) 6 (Y) zs /u//?/ faithful on the 
components ag(cifc(A; + 1)) C »4o 0/ i/ie duaZ primitive decomposition of Aq and that the categories 

= *U (vr*(aS(a (l)), . . . , «S(^-fc- 2 (A — & — 1)))) CB = ^(^(A)) C V b (Y), 
form a dual Lefschetz collection 

(B H (l-j),..,6 1 (-l) 1 6„)cD i (7). 

Then the functor <$> jt£ : V b {Y) -> C is an equivalence and the above collection generates T> b (Y). In 
particular, Y is Homologically Projectively Dual to X. 

Proof: Actually, the proof of Theorem 6.3 in section 6 of [K3] uses nothing but the assumptions of the 
present theorem. On the other hand, at the output of the proof of Theorem 6.3 in [K3] we obtain an 
equivalence D b (Y) = C, and the fullness of the above collection in T> b (Y). □ 
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2.6. The Borel Bott Weil Theorem. The Borel-Bott-Weil Theorem computes the cohomology of 
line bundles on the flag variety of a semisimple Lie group. We use it to compute the cohomology of 
equivariant vector bundles on Grassmannians. We restrict here to the case of the group GL(V). 

Let V be a vector space of dimension n. The standard identification of the weight lattice of the group 
GL(V) with Z n takes the k-ih. fundamental weight ir^ (the heighest weight of the representation A k V) 
to the vector (1, 1, . . . , 1, 0, 0, . . . , 0) G Z n (the first k entries are 1, and the last n — k are 0). Under 
this identification the cone of dominant weights of GL(V) gets identified with the set of nonincreasing 
sequences a = (a±, ci2, . . . , a n ) of integers. For such a we denote by Y, a V = £ 0l '° 2 '-' a " V the corresponding 
representation of GL(V). Note that S 1 ' 1 '-' 1 ^ = detV. 

Similarly, given a vector bundle E of rank n on a scheme S we consider the corresponding principal 
GL(n)-bundle on S and denote by T, a E the vector bundle associated with the GL(n)-representation of 
highest weight a. 

The group S n of permutations acts naturally on the weight lattice Z n . Denote by i : S n — > Z the 
standard length function. Note that for every a G Z n there exists a permutation a G S n such that a (a) 
is nonincreasing. If all entries of a are distinct then such a is unique and o~(a) is strictly decreasing. 

Let X be the flag variety of GL(U). Let L a denote the line bundle on X corresponding to the weight a 
(so that L nk is the pullback of O v ^ky^{\) under the natural projection X — > P(A k V)). 

Denote by 

p= ( n ,n- 1,..., 2,1) 

half the sum of the positive roots of GL(F). The corresponding line bundle L p is the square root of the 
anticanonical line bundle. 

The Borell-Bott-Weil Theorem computes the cohomology of line bundles L a on X. 

Theorem 2.11 ([D]). Assume that all entries of a + p are distinct. Let a be the unique permutation 
such that a {a + p) is strictly decreasing. Then 

H k (X,L a ) = \^ {a+P) ~ PV ^ if k = 

I 0, otherwise 

If not all entries of a + p are distinct then H'(X,L a ) = 0. 

Now consider a Grassmannian G = Gr(fc, V). Let U dV ® Og denote the tautological subbundle of 
rank k. Denote by W/U the corresponding quotient bundle and by U 1 - its dual, so that we have the 
following (mutually dual) exact sequences 

0^U^W®O G ^ W/U -> 0, -> U L -> W* (g) O g -» U* -> 0. 

Note that S 1 ' 1 '-' 1 ^* = S -1 ~ 1 '-~ 1 W- L is the positive generator of PicG. Let vr : X -> G denote the 
canonical projection from the flag variety to the Grassmannian. 

Proposition 2.12 ([Ka]). Let (3 £ 7L k and 7 G Z n ~ fc be nonincreasing sequences. Let a = (ft, 7) G Z n be 
their concatenation. Then we have ir*L a = YPlA* ® Y^U 1 - . 

Corollary 2.13. // (3 G Z k and 7 G Z n " fc are nonincreasing sequences and a = ((3, 7) G Z n then 

H*(G, TPU* ® YVJ L ) ^ H*(X, L a ). 

Note that every GL(y)-equi variant vector bundle on G is isomorphic to YfU* ® Y^IA 1 - for some 
nonincreasing [3 G Z fc , 7 G Z n_fc . Thus a combination of corollary 2.13 with the Borel-Bott-Weil 
Theorem allows to compute the cohomology of any equivariant vector bundle on G. 
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3. The Pfaffian varieties and their noncommutative resolutions 

Let W be a vector space over k, dim W = n. Consider the projective space P = W(K 2 W*) of skew-forms 
on W. For each < t < [n/2\ we consider the following closed subset of P = F(A 2 W*) 

Pf (2t, n) = Pf (2t, W*) = F({u e A 2 W* | rank(a;) < 2t}), 

where rank(u;) is the rank of to (the dimension of the image of the map W — > induced by w). We call 
Pf(2|_n/2j - 2,iy*) the Pfaffian variety, and other varieties Pf(2t,W*) are called the generalized Pfaffian 
varieties. The ideal of the generalized Pfaffian variety Pf(2t, W*) is generated by the Pfaffians of all 
diagonal (2t + 2) x (2t + 2)-minors of a skew-form, hence the name. 
It is clear that the following generalized Pfaffian varieties 

Pf(O,VT) = 0, Pf(2,W*) = Gr(2,W*), Pf(2[n/2j , W*) = P = ¥(A 2 W*) 

are smooth. However, for t ^ 0,1, [n/2\ the Pfaffian variety Pf(2£, W*) is singular, the singular locus 
being the previous Pfaffian Pf(2f - 2, W*) C Pf(2t, W*). 

In this section we describe a noncommutative resolution of singularities of the generalized Pfaffian 
variety Pf(4, W*) for n = AivnW > 6. So, put 

Y = Pf (4, W*), Z = Sing(y) = Pf(2, W*) = Gr(2, W*) = Gr(n - 2, W). 

Note that all skew-forms in Y \ Z are of rank 4, hence their kernels are (n — 4)-dimensional. Similarly, 
all skew-forms in Z are of rank 2, and their kernels are (n — 2)-dimensional. Let Y be the set of all pairs 
(u,K), where K is an (n — 4)-dimensional subspace in W and w is a skew- form containing K in the 
kernel. More precisely, Y = Fg,{K 2 }C l ), where G = Gr(n — 4, W) is a Grassmannian, JC C W ®Og is the 
tautological subbundle of rank n — 4, and /C^ C W* (g> Og is the orthogonal to JC subbundle of rank 4. 
Note that Y is smooth. 

The embedding of vector bundles K 2 K, L — > A 2 IL'*(g)OG induces a projection p : y — > P(A 2 W*) = P. It 
is clear that it factors through a map to the Pfaffian variety gy : Y — > y C P. The map gy is one-to-one 
over Y\Z and a Gr(n — 4, n — 2)-fibration over Z. Indeed, let Z = g Y 1 {Z) C Y. Note that the bundle of 
kernels of skew-forms on Z = Gr(2, W*) = Gr(n — 2, W) can be identified with the tautological subbundle 
fC n -2 C W <S> Oz of rank n — 2, hence Z = Gr^(n — 4, fC n -2), the relative Grassmannian. In the other 
words, Z = Fl(n — 4, n — 2; W), the partial flag variety. 

Let C : Y —> G and gz ■ Z — > Z be the projections, and let : Z — > y and iy : Z — > y be 
the embeddings. Let 77 : y — > P be the embedding, so that g = rj o g Y . Then we have the following 
commutative diagram of varieties and maps: 



Gr(n-4,W) 




F(A 2 W*) — P 

We denote by Hq the divisor class of a hyperplane section of G and by Hy the divisor class of a 
hyperplane section of Y. The pullbacks of these classes to Y, Z and other varieties are denoted by the 
same letters. 
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Lemma 3.1. We have a linear equivalence Z ~ 2Hy — H G on Y . In -particular, we have an exact 
sequence 

- Oy(H G - 2H Y ) ^Oy^ i Y Oz - 0, (2) 
and an isomorphism M^iy — 0^(2Hy — H G ). 

Proof: Since Y = Fg(A 2 )C- l ), the Picard group of Y is generated by H G and Hy, hence Z ~ XH G + p-Hy 
for some A, \i € Z. Moreover, it easy to see that K y = — (n — 3)H G — 6Hy. Similarly, since Z = 
Fl(n — 4, n — 2; W), the Picard group of Z is generated by H G and i?y, and Ifg = —(n — 2)H G — AHy. 
By adjunction formula we find A = — 1, p = 2. □ 

From now on we restrict ourselves to the cases dim W = 6, 7. See [K6] for the description of a 
noncommutative resolution of singularities of the generalized Pfaffian varieties Pf(4, W*) for all dimVF. 
In [K6] we have constructed a Z-linear dual Lefschetz decomposition with respect to Af~ ~ 

Z/Y 



where n = dim W and 



V\Z) = (C n ^({3 - n)H G ), . . . ,Ci(-H G ),C ), (3) 
C = C 1 = (O,JC*) z , C 2 = C 3 = (0) z , ifn = 6 

Co = Ci = C 2 = C 3 = C 4 = (0,/C*) z , if n = 7. U 

Theorem 3.2 ([K6]). The pushforward functor : V b {Z) — > D b (Y) is full and faithful on subcategories 
C n -3((3 — n)H G ), . . . , C\(—Hg) ofV b (Z) and there is a P -linear semiorthogonal decomposition 

V\Y) = {i Y ^C n -z{{Z-n)H G )),...,iy^C l {-H G )), ; b), (5) 



Moreover, the pushforward 



V = {F e P 6 (Y) | i£F e C }. (6) 



ft = £nd(e> y /C) (7) 



is a pure sheaf, the category Coh(Y, 1Z) of coherent sheaves of right IZ-modules onY has finite homological 
dimension, and there is an equivalence of categories 

V^V b (Y,K), (8) 

where V b (Y,lZ) is the bounded derived category of Coh (Y, TV) . The equivalence is given by the functors 

: V b {Y) -^V b (Y,7Z), F h-> gy*(F ® (O y © /C)), and 
p* : V b (Y, K) - V b (Y), G » g^G ® g -, {n) (0 9 £*). 

Finally, the category V admits a Serre functor (see [BK]J : V — > V and we have 

Sf,{F) F(-12H Y )[13], ifn = 6 and i*F € {0~) Z , 
S$(F) = F(-UH Y )[17], ifn = 7 and any F e V. 

Remark 3.3. Note that by (7) the restriction of the sheaf of algebras 1Z to Y \Z is isomorphic to a matrix 
algebra. This allows to consider the noncommutative variety D b (Y,lZ) as a noncommutative resolution 
of singularities of Y. 
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Below we will need also a description of the derived category of left 7£-modules (or, equivalently, of 
right 7£ opp -modules) on Y, and of the derived category of 7v!.-bimodules (equivalently, of right 1Z M 7Z opp - 
modules) on Y x Y as subcategories of V b (Y) and V b (Y x Y) respectively. 

This will be done as follows. We take 

P opp := P* ={Fe V b {Y) | F* G P} = {F G V b {Y) \ i*~F G (Co)* = (0%, K) z ] 

T\ :=VMV opp cV b (Y xY). 
The functors 

P° PP :V opp ^V b (Y,lZ opp ), F^ g Y *(F®{Oy®lC*)), 

p* opp : V b (Y,TZ opp ) - P opp , G ' ► g Y l G ® g -i napP (O y ® K), and 

p\:T\^ V b {Y xY,TZM TZ opp ), F i— > (g Y x gy)*(F ® (O y ®K)M (O y © £*)), 

P j : p b (y xy,w n° pp ) - p^, g ^ ( 9Y x ^y)-^ © (9y X9y) -i ( ^°pp) ((Op © £*) a (o y e /c)), 

give equivalences 

^op P = V b (Y,TZ opp ), T\ ^ P 6 (y x Y,KMK opp ). 

Equivalences of P, P opp and v\ with P 6 (y,:K), V b (Y,TZ opp ) and P b (y xf,?lS 7e opp ) provide these 
triangulated categories with a t-structure (P-°, P-°) 

p<° = { F g p | 9y ,{f ® {o Y © /c)) g p^°(y)}, 
p-° = {f g p [ 5 y*(F ® (o Y © /c)) g p^°(y)}, 

and similarly defined t-structures [V§ pp , P^ pp ) and (P^- ,P^- ) in P opp and P^ respectively. 
Lemma 3.4. Let K G V b (Y x Y,7ZM 1Z° PP ). Then p* o <$> K o <5> p « K :V b (Y) ^ V b {Y). 

tbfvW ,- ti Q;^™ „ ■ T> ■. Tib/ 



(10) 



Proof: Since p\K G P^ = VMV opp we have <$> p * K (T> b (Y)) C P. Since : P -> P b (y, ft) is an equivalence, 



it suffices to check that ^o/j^p.o $ p * K : P fe (y) -> P & (y, ft). Denote O y © /C = £ for brevity and 



take any F inV b (Y). Then we have 



p*($ p * K (F)) * g Y *(pu{p* 2 F ® (( 5 y x ^y)" 1 ^ {9yX9y )-i™°pp (#* B £))) (g> E) = 



= PuiQY x #y )*(((£ -E*) H (F ® £)) ® (ffJ , X9y )-i W Bi»«pp (sr x ^r 1 -^) 
= Pi*((sy x g Y )*(( E ® #*) B © #)) ®wbi»«pp *0 = 

^pn,((7£Bp,(.F)) ®^^°pp ^0 — Pi*(P2P*(F) ®k®K°vp K) § K (p,(F)) 

(we have used a version of the projection formula in the third isomorphism). □ 

We also will need relative analogues of these categories. Let 5 be a smooth algebraic variety. Consider 
the subcategories 

V s :=VMV b (S) GV b (YxS), 

V oppS :=V b (S)MV opp cV b (SxY), and 

V k S :=VMV b (S)MV opp C V b (Y x S x Y). 

The functors 

pf : V S -> V b {Y xS,lZMO s ), F h-> {g Y x id s )*(F [(O f ® /C) IE1 5 ]), 

pS ppS ^opps -> ^ b (5 x y, o 5 ia 7e°pp), f -> (id 5 x 5y ),(F [o 5 s (o ? © ic*)}), 

pf ■ T\s -> ^ b (^ x5xy,KSO s S 7e°PP), FH(jyx ids x <?y)*(^ ® [(Oy ®IC)BO s | (O y © /C*)]), 
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and similarly denned adjoint functors p* s , p* ppS and pj 5 by Theorem 6.4 of [K6] give equivalences 

V s V b (Y x S,KMO s ), 

V opP S = V b (S xY,O s MK° pp ), 

V^ s = V b (Y x S xY,KmOs^1l opp ). 

Moreover, for any map <p : S — > T the functors p*,P° PP ,P* and their adjoints commute with the pushfor- 
ward 4>* and the pullback (ft* functors. 

We denote by (T>f,vf), (P| p ° p5 , P| p ° p5 ) and {Vf£,V$) the t-structures on V s , V oppS and V^ s 
induced by the equivalences p* s , />* ppS and p^ s . 

Further, T>° = n Z>-° denotes the heart of the t-structure. Similarly, we write X> [a ' 6] = n X>- a 
for all a <b. The fc-th cohomology functor with respect to the t-structure (V-°,V-°) is denote by H k . 
A similar notation is used for t-structures in categories V opp , V^, T>s, T> opp s and T\s- 

These t-structures are related as follows. 

Lemma 3.5. Assume that S is smooth. If F € T)f b] C V b {Y x S) and F' G C V b (S x Y) then 

p\ 2 F®p* 2Z F' G j)^+ a '- A ™ s i b + b '\ where pu andp 2 3 are the projections ofYxSxYtoYxSandSxY 
respectively. 

Proof: First of all note that p^ s {pt 2 G <8> PI3G') — PnPsi^) ® PhPl PP s(G')- On the other hand, for any 
objects G G V^ b \Y x S, K H O s ), G' G V^'> b '\S xY,O s M TZ opp ) it is easy to see that p\ 2 G <g> p^G' € 
v [a+a> -dim s,b+b'] (Y x S x Y,1ZM O s ^ Tl opp ) since S is smooth. " □ 

Lemma 3.6. Let (ft : S — > T be a morphism with fibers of dimension not exceeding n. Then F G 
implies tfi^F G T>^' b+n \ Similarly for V opp s and V^s- 

Proof: Indeed, F G (Y x S,K® O s ) implies faF G V^ b+n ^ (Y xT,K® O t ) since the cohomological 
dimension of is n. □ 

Lemma 3.7. Let cf> : S — > T 6e a morphism and assume that F G £>,s C x S 1 ) /ias finite support 

overY x T. Then F G T> [ g' b] is equivalent to (f>*F G and H k (<j)*F) ^ (f)*H k (F) for all k. Similarly 

for V oppS and V^ S - 

Proof: Since F has finite support over Y x T it follows that H k '(pi \<f>*F)) = H k (4>*(pf F)) = cf)*H k (pfF), 
which means that H k {(j)*F) ^ ^n k (F). □ 

4. The Main Theorem 

Let W be a vector space, dimVF = 6 or dimVF = 7. Consider the Grassmannian X = Gr(2,VF) 
and the Pfaffian variety Y = Pf(4, W*). Let (Y,7Z) be the noncommutative resolution of singularities 
of Y constructed in the previous section. We consider V b (Y,TZ) as a subcategory of V b (Y) via the 
equivalence (8). Then the map g = nog Y : Y^Y^P = P(A 2 W*) can be considered as a morphism of 
the noncommutative variety (Y,1Z) to the projective space P = P(A 2 W*), which we denote by the same 
letter g. So, consider the maps / : X — > P v = P(A 2 VF) (the Pliicker embedding) and g : (Y,1Z) — > P. 

The main result of the paper, Theorem 1 from the Introduction, claims the Homological Projective 
Duality between X and Y. To make this statement precise we have to specify the involved Lefschetz 
decompositions of D b (X) and V b (Y,lZ) (or at least one of them). 

Consider the following exceptional triple on X: 

E = O x , E x = U, E 2 = S 2 U. (11) 
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Here U C W <g> O x is the tautological subbundle of rank 2 on X. It was shown in [K5] that this triple 
generates the following Lefschetz decomposition for V b (X) 

V b (X) = (Ao,A 1 (H x ),A2(2H x ),A 3 (3H x ),A 4 (4H x ),A 5 (5H x )}, 

A = Ai = A 2 = (E 2 , E^Eo), A 3 = A 4 = A 5 = (E 1 ,E ), if n = 6 

(12) 

V h (X) = (A ,A 1 (H x ),A 2 (2H x ),A 3 {3H x ),A 4 ^H x ),A 5 (5H x ),Ae{6H x )), 

Aq = Ai = A 2 = As = M = A 5 = Aq = (E 2 ,E 1 ,E ), if n = 7 

where H x is the divisor class of a hyperplane section of X. 

On the other hand, consider the following triple of bundles on Y 

F = A 2 (W/JC)/O Y (H G -H Y ), F 1 = W/K, F 2 = ? , (13) 

where K, C W <g> O y is the pullback of the tautological rank n — 4 subbundle on G = Gr(n — 4, W) 
via the projection Q : Y — > G, iJy is the divisor class of a hyperplane section of Y, H G is the divisor 
class of a hyperplane section of G, and the embedding O y {Hq — H Y ) — ► K 2 {W/K,) is obtained by a 
? (F G )-twist from the embedding O y (-H y ) -> A 2 ^- 1 = A 2 (H^//C) ® O y {-H g ) inducing the map 
5 : y = P G (A 2 /C ± ) -> P = P(A 2 VF*). 

We will show in proposition 5.4 below that the dual triple of (13) generates the following dual Lefschetz 
collection in V = V b (Y,lZ): 



(14) 



V b (Y,K) =VD (BnC-llfly), B W (-WH Y ), Bi(-H Y ), B ), 
B = B 1 = --- = B 8 = {FZ,F 1 ,F 2 *), B 9 = B 10 = Bu = (F 2 *), if n = 6 

p fe (y,7e) = pd (Bi 3 (-i3fly),iBi 2 (-i2fry), . . .m-Hy), b ), 

B = B 1 = --- = B 13 = {F*, F*, F*}, ifn = 7 

Now we give a precise statement of Theorem 1. 

Theorem 4.1. 7/dimH^ = 6 or dim W = 7 then noncommutative resolution of singularities (Y, TV) of the 
Pfaffian variety Y = Pf (4, W*) is Homologically Protectively Dual to the Grassmannian X = Gr(2, W) 
with respect to the Lefschetz decomposition (12). The corresponding Lefschetz decomposition of V b (Y,lZ) 
is given by (14). 

The proof of theorem 4.1 takes sections 6-9. Let us briefly describe the principal steps. 

First of all we have to construct an object £ G V b {X xp Y) which gives a fully faithful functor 

T> b (Y,K) = V C V b (Y) ^V b (X), where X C X x P is the universal hyperplane section of X. For this 
we will show that on X x Y there is a natural complex of vector bundles 

E 2 M F 2 -> E 1 m Fy -> E M F , 

and that this complex is quasiisomorphic to a coherent sheaf £ supported on the incidence quadric 
Q(X, y) C X x y (Q(X, Y) is the preimage of the usual incidence quadric Q C P v x P under the 
projection / xjiIxF-t P v x P). The canonical isomorphism X xp Y = Q(X,Y) allows to regard 
£ as a kind of object we need. 

Let j denote the embedding Q(X, Y) = X xp Y — > X x Y. The most difficult part of the proof is to 
verify that the functor <f> jt£ ■ V b {Y) -> V b {X) induces a fully faithful embedding of V into P 6 (A"). A 
straightforward way is to compute the composition o : V b {Y) — > P 6 (y). We do this using the 
following trick. 

Let a : X -> X x P be the embedding. Note that the functor a* o $ J%£: : V b {Y) -> P fc (A" x P) 
is given by the kernel i*£ G D fc (A x Y) = V b ((X x P) x P Y), where i : Q(X,Y) ^ I x ? is the 
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embedding. On the other hand, since a is a divisorial embedding, we have a distinguished triangle of 
functors V b {X) -» V b {X) 

a*a*^\d^O x (-H x -H P )[2] 

(the last term denotes the functor of the Ox{—Hx — iip)-twisting followed by the [2]-shift). Composing 
this with the functor &j t £ on the right and with the functor &*^ g on the left we obtain a distinguished 
triangle of functors V b (Y) -> V b (Y) 

Taking any t G Z and twisting by OitHx + tHp) we obtain the following distinguished triangles 
( $ jU a *) ° ( a *®j*e(tH x +tH P )) $jU ° ®j*£(tH x +tH P ) ° $j„£:((t-l)if x +(t-l)ifp)[ 2 ]- 

The point is that the first term of these triangles can be computed quite easily using the resolution 
i*£ = {E 2 M F 2 -> Ei m Fx -> £ B F }. In particular, it is easy to see that 

(^, £ a*) o (a^ Jf£{tHx+tHp) ) =0 for 1 < t < 6 

in the case dim W = 7 to which we restrict from this moment in this short explanation of the proof (in 
the case dimVy = 6 the arguments are slightly different but of the same spirit). It follows immediately 
that 

*U *j*e(w x+ 6H P ) = *U o ^.e( 5 H x+ 5H P )[2] = ■■■ = *U ° 
hence we have a distinguished triangle 

($*,£«*) o (a^ Jf£(7Hx+7Hp) ) -> ®* x o ^, £( 7H x +7Hp) -» #U *j,£M- 

On the other hand, we can find an estimate for the set of k £ Z such that the fe-the cohomology 7i fe of the 
kernel of the functor (<&j r£ a*) o (a^j^^i^+yifp)) is nonzero (let us call this set the cohomology support 
interval), and a uniform (in t) estimate of the cohomology support intervals of the kernels of the functors 
^j,£{tH x +tHp)- The [14]-shift in the above triangle makes the cohomology support intervals of the 
kernels of the functors in the last triangle intersect only at one point, which means in particular that the 
kernel of the functor $j m g *&j*£ is a pure object isomorphic to the (— 13)-th cohomology of the kernel 
of the functor a*) o (a*$j„£(jH x +7H P ))- A direct computation allows to identify this cohomology 
with the object in V b (Y x Y) inducing the projection functor to the subcategory T> C V b (Y). This 
finally shows that <&j,£ is the composition of the projection V b {Y) — > I? and a fully faithful embedding 
X> _> P 6 (^). 

It is worth emphasizing that in the above arguments we always use the t-structure in the 

category C V b (Y x Y) constructed in the previous section. The standard t-structure of V b (Y x Y) is 
not sufficiently sharp and doesn't work here. 

The final step in the proof uses theorem 2.10. According to this theorem it remains to check that the 
functor 3>^£ o it* : V b (X) — > V b (Y) is fully faithful on the subcategory Ao C V b (X) and that its image 

So C T> b {Y) generates a dual Lefschetz collection in T> b (Y). But the functor &*j r £ ° tt* is the left adjoint 
of 7T* o $^£ : D fe (Y) — > V b (X) which is a kernel functor with the kernel i*£ G D fc (X x Y"). Again, using 
the resolution z*£ = {E 2 M F 2 — > i?i Kl iq — > £?o ^ ^b} it is easy to perform all required verifications. 

The proof is spread between sections 5-9 as follows. In section 5 we show that (14) is a Lefschetz 
collection in V. In section 6 we compute the pushforwards of some objects on F to P. These computations 
are used later in section 7 to identify a cohomology of some object in T> b (Y x Y) with the kernel of the 
projection functor D b (Y) — > T>. In section 8 we construct the kernel £ by showing that there exists a 
natural complex E 2 MF 2 — ► E\MF\ EqM Fq and checking that it is quasiisomorphic to i*£ for some £ . 
Finally, in section 9 we finish the proof. 
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5. A LEFSCHETZ COLLECTION FOR THE PFAFFIAN VARIETIES 

Recall that we have defined in (13) a triple of vector bundles (Fq,F\,F 2 ) on Y. 
Lemma 5.1. We have F , F 1 ,F 2 € V opp , F *, Fj", F 2 * € V. 

Proof: By definition (9) of the category V opp it suffices to verify the first inclusion. So, by (9) we just 
have to check that the restrictions of Fq, F\ and F 2 to Z = Fl(2,4; W) are contained in the subcategory 
Cq = (0^,K)z- For F 2 = O y this is evident. For F\ the restriction to Z of the exact sequence 

0->/C-»W®Op->.Fi->0 

also gives the desired embedding. It remains to consider Fq. By definition we have an exact sequence 

0^O Y (H G -H Y ) -> A 2 (VF//C) -^F -^0. (15) 

Consider its restriction to the divisor Z = Fl(n — 4, n — 2; W). Let /C„_2 denote (the pullbacks to Z 
of) the tautological subbundle in W <8> OGr(n-2,iv) °f rank n — 2. Since we have 0^(—H Y ) = A 2 K^_ 2 , 
A 2 (Wy/C) = A 2 ^- 1 <g> 0^(H G ), the restriction takes form 

-» A 2 /C^_ 2 ® 0^(H G ) -> A 2 /C^ <8) 0^(fT G ) -> F Q| ^ -> 0. 

The first map here is induced by the embedding K^_ 2 C K 1 - on Z = Fl(n — 4, n — 2; W). Therefore, we 
have the following exact sequence 

- K^_ 2 ® (£-7/#_ 2 ) ® O^(Hq) - F 0|i j -> A 2 (K L /K^_ 2 ) ® C^(ff G ) - 0. 

It remains to note that 

A^/C-L/ZC^a) ^ det/C 1 - «gi (det/C^)" 1 * 0^(-H G ) ® 0^(H Y ), 

= (^/^n- 2 )* ® det^/ZC^a) = (/C n _ 2 //C) <g> 0^ (-#<?) ® 0,(F Y ) 
and the claim follows. □ 

Our next goal is to show that the triple (Fq, F*, F 2 ) in V is exceptional and to describe the subcategory 
of V generated by this triple. We start with the following 

Lemma 5.2. The quadruple 

(O y (H G - H Y ), Oy, W/K, A 2 (W/JC)) 

in V h (Y) is exceptional. Moreover, for < k < I < 2 we have Horn* (A k (W / K) , A 1 (W / K)) ^ A l ~ k W and 

Ho m '(0 Y (H G - H y ),O y ) = Hom'(0 Y (H G - H Y ), W/K) = 0, Hom'(0 ? (fT G - H Y ), A 2 (W/K)) = k. 

In other words, the algebra of endomorphisms of this exceptional quadruple is the path algebra of the 
quiver 



Proof: The triple (O y , W/K,, A 2 (W/K)) is exceptional since it is exceptional in V b (G) and the pullback 
functor C* : V b (G) -» V b (Y) is fully faithful. Further, for all k we have 

Hom'(A fc (Ir7X), O y (H G - H Y )) = Horn 9 (A k (W / K) , (*(O y (H g - H Y ))) = 

since C*(O y (H G - H Y )) = 0. Finally, 

Horn' '(0 Y (H G -H Y ),A k (W/K)) Hom*(0 ? , A k (W/K)(H Y - H G )) 

* H'(Gr(2, W), t*(k k (W/K)(H Y - H G ))) * H*(Gr(2, W),A k (W/K) ® A 2 (W/K) ® 0(-H G ))) 

^ H'(Gr(2,W),A k (W/K) ® A 2 K L ) Hom'(A 2 (W/K),A k (W/K)) 
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and the last claim follows. □ 

Corollary 5.3. The triple (F2,Fi,Fq) inV opp is exceptional. Moreover, Hom(F2,Fi) = Hom(Fi,Fo) = 
W, Hom(F 2 ,F ) = A 2 W and the composition Hom(Fi,F ) <g> Hom(F 2 ,Fi) — > Hom(F 2 ,i ? o) coincides with 
the canonical projection W <g> W — > A 2 W. 

Proof: Follows from exact sequence (15) combined with the previous lemma. □ 

Proposition 5.4. The triple (Fq,Fi,F£) in V is exceptional. Moreover, the collection of subcate- 
gories (14) is a dual Lefschetz collection in V. 

Proof: The first claim follows immediately from the previous lemma by duality. Moreover, since T> is a 
P-linear subcategory in T> b (Y) by theorem 3.2, it is stable under Y (—tH Y )-twists. Therefore, the whole 
collection (14) is contained in V. So, it remains to check semiorthogonality of components of (14). 
To check that (14) is a Lefschetz collection in case n = 6 we should check that 

Horn' (Fl,F%(-tH Y )) = 0, for k, I G {0, 1, 2}, 1 < t < 8, and 
Horn* (Fj* , F£ (-tH Y )) = 0, fori €{0,1,2}, 9 < t < 11. 

Note also, that by Theorem 3.2 the Serre functor of V acts on F 2 * as S 5 (F 2 *) ^ F 2 *(-12fly)[13], therefore 

Hom'(Ft,F^{-tHy)) = Hom*( J F 2 *((12 - t)H Y ), Ft [13])* = Hom*(F 2 *, if ((* - 12)ffy)[13])*, 

hence the second line of (16) follows from the first. 

So, we must verify the first line of (16). It will be convenient to reformulate it slightly. By duality we 
have Hom*(F*,F*(-tH Y )) = Hom*(F fc , F t (-tH Y )), so we must check that 

Hom"(F k ,Fi(-tH Y )) = 0, for k, I G {0, 1, 2} and 1 < i < 8. (17) 

Since F^ is closely related to A 2 ~ k (W/)C) we start by noting 

Hom'(A 2 - k (W/1C),A 2 - l (W/JC)(-tH Y )) ^ Horn* (A 2 ~ k {W / K) , A 2 ' l {W/K) (*0 Y {-tH Y )). 

Since Y = P G (A 2 /C- L ) we have 



(*0 Y (-tH Y ) 



0, for t = 1,2,3,4,5 

G (-3ir G )[-5], fort = 6 

A 2 ^ <g> O g (-3H g )[-5], for t = 7 

[S 2 ' 2 /C x ® G (-3ff G )[-5] © 0(-4ff G )[-5], for t = 8 

where we use the notation introduced in subsection 2.6. It follows from the Borel-Bott-Weil Theorem 
(theorem 2.11) that 

Hom'tA 2 -* (W//C), A 2 - l {W/K){-tH Y )) = 

for k, I G {0, 1, 2} and 1 < t < 8. In particular, we have (17) for k, I G {1, 2}. 
Further, we have 

Ho m '(0 Y (H G - H Y ),A 2 ~\W/K)(-tH Y )) = Ho m %0(H G ),A 2 - l (W/K)({l - t)H Y )) 

and the same arguments as above show that this is zero for I G {0, 1,2} and 1 < t < 8. Using (15) we 
see that (17) is satisfied also for k = and I G {1,2}. 



(*F (-tH Y ) = < 
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Further, twisting (15) by O y (— tH Y ) and pushing forward to G we compute 

'0, for t = 1,2,3,4 and t = 6 

9 (-2H G )[-4], fort = 5 

S 2 ' 1 - 1 /C ± (-2i? G )[-5], fort = 7 

^3,2,i /C i.(_2i7 G )[_ 5 ] © A 2 /C ± (-3i7 G )[-5], for t = 8 

Using the Borel-Bott-Weil Theorem again we see that 

Hom'(A 2 - k (W/JC),F (-tH Y )) = 

for k G {0, 1, 2} and 1 < t < 8. In particular we have (17) for fe G {1, 2} and I = 0. 
Finally, 

Horn' {O y {H G -H Y ),F {-tH Y )) = Horn' {O{H G ),F {{l-t)H Y )) 

and the same arguments as above show that this is zero for 1 < t < 8. Using (15) we see at last that (17) 
is satisfied for k = I = 0. 

Similarly, in case n = 7 we must check that 

Hom*(if , F^(-tHy)) = for k, I G {0, 1, 2} and 1 < t < 13. (18) 

For 1 < t < 7 the same arguments as in the case n = 6 prove (18). On the other hand, for 8 < t < 13 we 
can use the Serre functor of V, which by theorem 3.2 takes Ff to Ff(— 14iTy)[17]. So we have 

Hom'(Ft,F£(-tH Y )) = Ho m '(F£(-tH Y ),F?(-14H Y )[11\y = Hom«(F fc *, F t *((t - 14)i7 y ))*[-17] 

and since 1 < 14 — t < 6 for 8 < t < 13, we conclude that (18) holds for 8 < t < 13 as well. □ 

Consider the following natural complexes on Y: 

Ft,:=F 2 , F[:= {W ® F 2 ^ F ± }, F^ := {S 2 W F 2 -> W F -> F } . (19) 

Note that G P pp since P op p is a triangulated subcategory of V b (Y). 

Remark 5.5. In terms of [B] the triple (Fq, F[, F 2 ) is the left mutation of the triple (F 2 , F±, F ). 
Lemma 5.6. We have F Q , F 1 ,F 2 ,F 2 [,F[ G P| p ° p and Fq G P^. 

Proof: To check that an object F G V opp is in £>| p * p it suffices to show that H>\Y, p° pp {F)®0 Y {nH Y )) = 
for n > 0. But 

H'{Y,p°™{F) Y (nH Y )) = H'(Y,gy*(F®(0 Y ®IC*))(nH Y )) = 

= H'(Y, F{nH Y ) (O f £*)) = ff'(G, UF(nH Y )) (O g £*)), 

so we should investigate the cohomology of (,*{F(nH Y )) (Oq © on G = Gr(n — 4, W). Recall that 
we have F 2 = O y , F 1 = W/K, -> ? (# G - fly) -> A 2 (IU//C) -> F -» 0, whereof we deduce F' 2 = O y , 
F[ = K, and O y (H G - H Y )[1] -» F -> S 2 /C. Further, we have 

C*(Oy(nfly)) = ,S™A 2 (iy//C), 

C*(/C(nfly)) = /C0 5 n A 2 (iy//C), 

CW/C(n# y )) = IU//C0 5 n A 2 (VF//C), 

(*(S 2 !C(nH Y )) = S 2 !C®S n A 2 (W/)C), 

Uk 2 {W/K){nH Y )) = k 2 (W/K)®S n k 2 {W/K), 

UO Y {H G + {n-l)H Y )) = S n - 1 K 2 {W/1C)®0 G {H G ) 

Applying Borel-Bott-Weil theorem we deduce all the claims. □ 
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6. Some computations 

In this section we compute p*(F£) and p*(F^), where and F' k were defined in (13) and in (19). 

Consider the projectivization P^(ZC). It is clear that P y (/C) = PFi(i,n-4;W)(A 2 A^). Let us denote 
the line bundle Opi w \(— 1) by K,\ (as well as all its pullbacks). Then we have an embedding K, L C K,\ 
inducing a map 4> : PFi(i,n-4 ; w)(A 2 /C" L ) — > P P (y^)(A 2 /Cf). Thus we have the following commutative 
diagram 



Vy(K) 




F(W) P 



Lemma 6.1. The map Pp(vK)(A 2 /Cf) — > P(W) x P induced by the projections p and q is a closed 
embedding, and its image is the zero locus of a regular section of the vector bundle K,^(Hy/) ^ Op (Hp). 
In particular, we have the following Koszul resolution 

. . . - A 2 (W7/C1 )(-2%)S0 P (-2Hp) - (W//Ci ) B Op (-# P ) - Op(w) ® -> Pp(H/) (A2jC X) - 0, 

where H\y is the divisor class of a hyperplane in P(W), so that Opr\y\(— -Hw) = K-i- 

Proof: The short exact sequence — > /Cf — > VF* <8> Cp(vy) — ► Cp(w)(-^w) - ► gives (by taking A 2 ) an 
exact sequence -► k 2 K,{ -► A 2 W* <g> C P(W) -► K,j-(H W ) -» 0. Since the map P P(W) (A 2 /C 1 -) -► P(W) x P 
is induced by the above embedding of the vector bundles A 2 JC^ — > A 2 VF* <8> Cp(vK) it follows that it is 
a closed embedding and its image is the zero locus of a section of JCi(Hyy) M Op (Hp). Comparing the 
codimension of the image and the rank of the bundle we conclude that the section is regular. □ 

Lemma 6.2. Ifn = 6 then the map 4> : Py(/C) — > Pp(w)(A 2 /Cf) is birational and we have an isomorphism 

4>*0^ {K) C Pp(V( , )( A2x;f-) 

and an exaci sequence 

C, P P(M /)(A 2 -c 1 L )(- i:f w / ) -> ^ ^(^(Aa/Cf)!^ - 2H Y ) -> 0. 

Proof: Note that P y (/C) = PFi(i,n-4;VF)(A 2 /C" L ) is the space of all triples (K\, K n _4, lo), where K\ C 
C is a flag of dimension (l,n — 4) and uj is a skew form, such that i"C n -4 C Keroj. Similarly, 
P P (W)(A 2 /Cf) is the space of all pairs (Ki,u), such that K\ C Kerw. The map 4> forgets K n ^^. If n = 6 
and w has a nontrivial kernel (ifi C Kerw then r(w) < 4 hence there exists (unique if r(u) = 4) subspace 
K2 C Kercj such that K\ C i^2- This shows that <f> is birational and proves the isomorphism. 

Further, consider a short exact sequence — ► K,\ — > £ — > K/K,\ -> on Py(AT) and note that 
K/Ki = ¥ „ {K) (H W - H G ). Tensoring the pullback of (2) to P y (/C) by O p _ yq{H w - H G ), then pushing 
forward to P P (vy)(A 2 /Cf), and taking into account that the sheaf Op (yq (Hy/ — Hq) is acyclic on the 
fibers of P^(/C) C P y (/C) over P P(VF) (A 2 /C 1 -) (the fibers are P 2 and the sheaf restricts to O(-l)), we 
deduce that 

<A* (Op~ (jq (Hw ~ H G )) ^ cf)^(Op,^(H w - 2H Y )) = Op^^fc^Hw - 2H Y ). 

Combining with an isomorphism 0*/Ci = 4>*4>*Op T(w ^ A 2f C ±-)(— H\y) — Op v ^ w ^ A 2 lc ±^(— Hyy) we obtain the 
required exact sequence. □ 
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Lemma 6.3. If n = 7 then the map <fr is birational onto a divisor in Pp^^A 2 /^) and we have exact 
sequences 

-> (8 Ppw(A 2 K x ) (^ - 3fly) - A4 -> <£*/C -> 0, 
where M. is the unique (non-split) extension — > Cp p(lv) (A2x;^)( — ^w) ^ A4 — > K^(Hw — 2fly) 0. 

Proof: The image of is the space of all (K±,u>) such that K\ C Kerw and lo is degenerate on W/K\. This 
actually means that the fiber of <f> over K\ G P(W) is the Pfaffian cubic in P(A 2 (ty"/ii"i)). The Pfaffian is 
naturally an element of A 6 /^ <8>0 Pp(iv)(A2;c _L)(3fly) = O f ^ a2)C ±^(3Hy -H w ), hence Im cp ~ 3fly-.£% 
and the first sequence follows. 

Consider the map (W//Ci)(— fly) — > /C^ induced by the embedding O p ^^^(—Hy) — > A 2 /^ . It 

is clear that its kernel is zero, and its cokernel is ^(/Cf/ZC 1 ) = 0*(/C//Ci)*, so that we have an exact 
sequence 

o -> (w//Ci)(-fl y ) -f /c^ -> M£/£i)* -> o. 

On the other hand, it is clear that 

/C//Ci det(/C//Ci) <g> (/C//Ci)* (/C//Ci)*(fl w - fl G ). 

Tensoring the pullback of (2) to P y (/C) by (K./}C 1 )*(H W - fl G ), then pushing forward to P P(lv) (A 2 /C 1 ), 
and taking into account that the sheaf (/C//Ci)*(fl^y — Hq) is acyclic on the fibers of P^(/C) C Py(/C) over 
Pp(^y)(A 2 /C^") (the fibers are Gr(2,4) and the sheaf restricts to the tautological rank 2 subbundle), we 
deduce that ^(/C//Ci) = M(^/^i)*( H w ~ H G )) ^ <^((/C//Ci)*(fl w - 2fly)), hence by the projection 
formula we have an exact sequence 

-» (W//Ci)(fl w - 3fly) -> /C^fl^ - 2fly) -> 0*(/C//Ci) -> 0. 

On the other hand, 0*/Ci = 0*0*Cp p(w/) (A2x: ;j L )( — Aw) — (0*Cpy(;c))( — flw)> hence we have an exact 
sequence 

°F nw) (A^ict)(- 3H y) c 'p P{lv) (A 2 ^)(- iif w) -> -> o. 

Now applying 0* to the exact sequence — > JC\ — ► JC — ► /C//Ci -^Owe deduce the second claim of the 
lemma. □ 

Proposition 6.4. Let n = 6. VKe Ziaue £/ie following resolutions 

_> Op (-3) -> Op -» g*F% -> 0, 
o -> vy* <8 O p (-3) -» ® Op(-1) -» ^Fj" -» 0, 
-» A 2 VF* (8) Op (-3) -» A 2 VF (8) O p (-2) -» #*F * -> 0, 

o -> vy ® o P (-3) -> vy* <8> o P (-2) -» 5 ,(f 2 * ® /c) -> o, 

_> P (-6) -» A 2 ?y ® P (-4) -> A 2 W* ® P (-2) -> Op -» ^(F-j* (8) K)[l\ -> 0, 
-» (8) O p (-6) -» A 3 iy* (8) O p (-5) -» A 3 VF <8> O p (-2) -» <8> O p (-1) -» #*(F * ® /C)[l] -> 0. 

In particular, we have 

V*P*(Fo),V*P*(F*) e P^(P), v*P*(F£) G Z^°(P), 
and /or a// / = 0,1,2 we have g*V*P*{F*) G Z^-^Y"). 
Proof: Consider the diagram (20). We have 

g*S l lC* = g*q*c/)*p*0 ¥ (y [ r ) (lH w ) = q m (f>*<f>*p*0 ¥ ( W )(lH w ) = q*(p*0 ¥ ( W )(lH w ) ® <p*0 P yq) 
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and similarly 

9 *{S 1 1C®K) * ff,g*(^VPp(Ho(J%)®K) ^ q^{(j)*p*O nw) {lH w )®K) gt (p*0 P(VF) (I%) 

Using resolutions of lemma 6.2 we reduce the computations of g*S l K* and g*(S l K.* © /C) for < / < 2 
to the computation of <7„,(p*0p(w)(i.ffjy)) for —1 < t < 3. Further, using the resolution of lemma 6.1 we 
reduce these to the computation of H*(P(W), A s (W/K,i){{t - s)H w ) for < s < 5, -1 < t < 3, which 
can be easily done by the Borel-Bott-Weil Theorem. 
Further, we use the following evident resolutions 

-» /C x ->■ VF* ? -► /C* -» 0, ->■ A 2 /C x -» A 2 VF* © Op -» © £* ->■ 5 2 /C* 

to compute g*{k l K L ) and 5*(A'/C X £). Since ->■ F * -» A 2 /C x -► ? (tfy - Jf G ) 0, = /C x , and 
F| = Oy, it remains to compute g*((D Y (H Y — H G )) and g*(K,(H Y — He)). For this we tensor (2) by 
Y (Hy — H G ) and fC(H Y — H G ) respectively and note that 

g*(0 Y (H Y - H G ) © <D~) = V*9yJy*°z( H y ~ H z) = V*iY*gz*0^(H Y - H z ) 

(and similarly g*(K(H Y - H G ) © O-) = rjJ Y *g z *()C^(H Y ~ H z)))- Since 

gz*0~ z {H Y - H z ) = gz*{K,^(H Y - H z )) = 

(the fibers of gz are Grassmannians Gr(2,4) and the sheaves in question restrict to the fibers as 0(— 1) 
and /C(— 1) which are acyclic by the Borel-Bott-Weil Theorem), we conclude that 

g*(0 Y (H Y - H G )) g*0 Y (-H Y ), g*(1C(H Y - H G )) g*K,(—H Y ), 

which we already have computed above. This way we obtain the desired resolutions for g*Fj* and 

Further, rf*p*(Ff) = g*Fj* © g*{F* © /C) by definition of the functor p*, and the second claim follows. 
For the last claim it suffices to check that the pullbacks via g* of our resolutions lie in the subcategory 
V-~ l (Y). For the first four resolutions this is evident. For the last two we have to check that the maps 
O y (-6H y ) -» A 2 W © O y (-5H y ) and W* © O y (-6H Y ) -► A 3 IU* © O y (-5H Y ) are embeddings. This 
can be checked in a generic point of Y and corresponds to the fact that for a skew- form u of rank 4 the 
maps are embeddings, which is clear. □ 



Proposition 6.5. Let n = 7. We have the following resolutions 

_» Op (-7) -» W © Op (-4) -» © Op (-3) ->■ P ->■ 5 *F 2 * -► 0, 
->■ VF* © O p (-7) -> A 2 VF © O p (-5) -► A 2 JU* © O p (-3) -> W © O p (-1) -> ^i? -► 0, 
-» A 2 VF* (g> P (-7) -» A 3 VF © P (-6) -» A 3 VF* © O p (-3) -» A 2 VF © O p (-2) -► 5 *F * -► 0, 

->■ VF © O p (-7) -» 5 2 VF © O p (-4) © VF* © O p (-6) -» 

-» W © W* © Op (-3) -► A 2 JU* © Op (-2) -> 5 *(F 2 * © /C) -» 0, 

->■ (VF* © VF/k) © P (-7) -► 

-» Op (-7) © © VF* © P (-6) © © A 2 TU/A 3 W) © P (-5) -» 

-»• VF © O p (-4) © TU* © A 2 VF © O p (-4) -» 

-» VF* © O p (-3) © A 3 W* © O p (-2) -> P ^(Ff © /C)[l] -> 0, 

-> (A 2 VF* © VF/VF*) © P (-7) -> 

^W*® O p (-7) © (A 3 VF © W/A 4 W) © O p (-6) © A 2 VF* © W* © O p (-6) -» 

-» A 3 VF © VF* © O p (-5) © W* © © O p (-4) -» 
-> TU* © VF* © O p (-3) © A 2 VF* © O p (-2) -> © Op(-l) -> ^(F * © /C)[l] -> 0. 
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In particular, we have 

V*P*m,ri*P*(FD e ^"'(P), V*P*(F1) G Z^°(P), 
and for all I = 0, 1, 2 we have g*f]*P*(F l *) G V-^(Y). 

Proof: The same arguments as in the proof of proposition 6.4 with lemma 6.2 replaced by lemma 6.3. □ 

Proposition 6.6. If n = 6 then 7i _1 (77*p*(.F 2 *) ® 77*p£ PP (-F 2 )) = 77*72(-3). Similarly, if n = 7 i/ien 
7r 3 (rj*p*(F 2 *) © 77*p° pp (F 2 )) r/*72(-7). 

Proof: Note that by definition of the functors p* and p° pp we have 

r/*p*(F 2 *) ^ ??*p° pp (F 2 ) ffi /C) © ^(O f © /C*) = 9*(9*9*(Oy © £) ® (<3y © £*))■ 

Using resolutions of propositions 6.4 and 6.5 we deduce that g*g*(Oy © /C) G D- -1 , if n = 6, and 
9*g*(Oy © /C) € 7^~ 3 , if n = 7, and that 

H- 1 (g*g*(0 Y © £)) O y (-3H y ) © JC(-3H Y ), if n = 6 
W- 3 ( 5 *^(0 ? © £)) = O y (-7H y ) © K(-7H Y ), if n = 7. 

Since the functor is left-exact and g*((C>p © /C) (Op ffi AC*)) = 77* 72. is a pure sheaf by theorem 3.2, 
we deduce the desired isomorphisms. □ 

Proposition 6.7. If n = 6 then 

V*P*(F2*)®V*P? P (F2) € V*~\P), V*P*(Fn®V*P? P (Fi) G 7^~ 2 (P), ^.(*0*)®»7*P? ,P (*b) G 7^~ 3 (P), 
and if n = 7 then 

V*P*(F2*)®V*P? P (F 2 ) G 7^- 3 (P), n*P*{F[*)®il*P? P {Fi) G Z^P), ^.(*o*)®»7*P?' P (*b) G 7^~ 4 (P). 

Moreover, if n = 7 then 7Y _3 (r7*p*(.F{*) <8>J7*p*(.Fi)) = 77*3i andTL~ A ( r q if p*(Fl ) *)®n if p*{Fo)) = n*$ where 
3i 1 #0 are torsion free sheaves on Y and 

5i|y\ 2 = (/C* © Fi © £nd(0p ffi /C) © Oy(-7fTy)) |P ^, 

3o|y\z = (O y {H Y - H G ) © F © £n(Z(0p ffi /C) © O y (-7H Y ))^ 

{recall that the map g Y :Y —>Y identifies Y \ Z with Y\Z). 

Proof: Using resolutions of propositions 6.4 and 6.5 and quasiisomorphisms 

F 2 *^i^*, {Fl -f W*®F£}^F{\ {F£^ W* ® F x ^ S 2 W* ® F%] = F£, 

it is easy to see that ?7*p*(i ? 2*)i r 1*P*(F[*) and f7*p*(-£o*) have locally free resolutions concentrated in 
degrees —1 ... 0, —2 ... and —3 ... respectively if n = 6 and in degrees —3 ... 0, —3 ... and —4 ... 
respectively if n = 7. Moreover, since F^ is a vector bundle on Y, it follows that rj*p° pp (F^) £ P-(P), 
and the first claims follow. Further, H°(p° pp (F k )) = 7i°(#y*(F fc ©(0pffi/C*))) is a torsion free sheaf on Y, 
hence the bottom cohomology of V*P*{Fl.*) © i]*P* PP (Fk) is a torsion free sheaf on Y as well. Finally, over 
Y\Z the map g Y is an isomorphism, hence 

P*(Fk)\Y\Z = (Ff © (Oy ffi /C)),p^, p° PP (F fe )|y\z = (F k © (Op © /C*)),p^. 

Taking into account that F[* = JC* is a vector bundle on Y and that Fq* has two cohomology (in the 
standard t-structure), S 2 JC* the 0-th and O y (H y — Hq) the (— l)-st, we see that 

V*$i\y\z = Torf p (r ? ,((/C* © (O y ffi K))^~), r?*((i ? i © (Op ffi /C*))^)), 

r/*?o|y\z = Tor^ p (r / ,((Op(Fy - H G ) © (Op ffi /C)),p^), V *((F © (Op ffi /C*)),p^)), 
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and since the embedding r] : Y\Z^>P\Zis& regular embedding of codimension 3, and moreover 
detM^ Y \z)/(p\z) ~ @Y\z(—7Hp) (this follows, e.g., from proposition 6.5), we deduce the desired isomor- 
phisms. □ 

7. Further computations 

Let (3 : Y — > Px Y be the graph of the projection g : Y — > P. Denote by (3' : Y — > Y xP the composition 
of (3 with the transposition Pxy-t7xP. Consider the maps idp x (3,(3' x idp : Y x Y — > Y x P x Y 
and denote them by /3 and /?' for brevity. Let 

S:=/3lO M ®ftO M 6#xPx?). (21) 

Lemma 7.1. We have D = (g x idp x <7)*A P Op, where (g x idp x : Y x P x Y — >• P x P x P is i/ie 
projection and A p :P-tPxPxPis i/te diagonal. In particular, £> is supported on a infinitesimal 
neighborhood of Y x P Y = Y x P P x P Y C Y x P x Y. 

Proof: Consider the following diagram 

YxY >■ Y x P x Y *> YxY 



gxg gxidpxg 
d P xA p 



A p xid r 



3X9 



P X P ^ P X P X P < P X P 

Note that we have base change isomorphisms (3*(g x g)* = (g x idp x g)*(A p x idp)* and x 5)* = 
(g x idp x #)*(id P x A p )* by Corollary 2.27 of [K2]. Therefore 

3 = P'*°YxY ® ^ y x y = #(0 x 5 )*0 PxP 8A( 5 x 5 )*0 PxP ^ 

(5 x idp x g)*(\d F x A p )*Op xP ( 5 x id P x #)*(A P x id P )*Op xP 

( 5 x idp x g)*((\d F x A p )*0 PxP (A p x id P )*0 PxP ) ( 5 x id P x <7)*A P O p , 
which gives us the desired isomorphism. □ 

Recall that in section 3 we have defined a triangulated subcateg ory T\ P C V b (Y x P x Y) and 
introduced on it a t-structure. 

Lemma 7.2. For any t € Z and fc, Z G {0, 1, 2} we /ictve 

(F* M Op(tH P ) IFi)®SG Pgr 1 C V b (Y x P x Y), ifn = 6, and 



(F* M Op(tH P ) KF,)®SG P h iT 3 C V b (Y x P x Y), ifn = 7. 



Proof: First of all note that (F^MO F (tH P )MFi)(g)^) e X^ P by lemma 7.1 since X^ P is a (P x P x P)-linear 
subcategory in F> 6 (Y x P x Y). Further, again by lemma 7.1 we have 

( V x idp x v)*pf{{Fk ® Op(tH P ) M F t ) <X) D) = 

( 5 x idp x s)*((F fc * (8) (Op fc)) IE1 Op(tH P ) B (F, (Op £*))) A p O p 

^ ( 5 *(F fc * (Op 9 £)) El Op(tH P ) IE1 ^(Fj (Op © £*))) Af Op 

A P (<?*(F fe * (Op £)) Op(tH P ) 5 *(F Z (Op £*))). 

Further by projection formula we have 

5 *(F A * (Op © K)) <?*(F, (Op £*)) g*(g*g*(F£ (Op /C)) (F, (Op © £*)). 
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Note that by propositions 6.4 and 6.5 we have 

g*9*(Fk ® (°y © £)) = 9*V*P*(Fk) e V -~HY), if n = 6, and 
<7*<7*(F* © (Op £)) = g*v*P*(F*) € 2^- 3 (y), if n = 7. 

Since F; © (Op © K.*) is a vector bundle on 1" and the pushforward functor is right-exact we see that 
(77 x idp x r?)*pf((F* El Op(tHp) EJ F,) © 3) is in D^ _1 (P) for n = 6 and in £>^ 3 (P) for n = 7. Hence 
by definition of t-structure on l^p the claim follows. □ 

Let ir: YxPxY^YxYbe the projection. 

Lemma 7.3. If n = 6 then 7Y _1 ((F 2 * El F 2 ) © 7r*D) ^ pJ(A^^(-3i7y)). 

Proof: Consider the following diagram 

fxPx? — >■ Fx? 

gxidpxg 3x3 
P X P x P ^ P X P 

(<? x <?)*pi3* by Corollary 2.27 of [K2], 



Note that we have a base change isomorphism 7r*(g x idp x g)* 
hence 

tt.S) 7T*( 5 x idp x 5 )*AfO P ( 5 x <7)=WAf O p ( 5 x <?)*Af O p , 
where A p in the RHS stands for the diagonal P — ► P x P. Further, 

(r, x ri),p\{{F* M F 2 ) © tt*®) ( 5 x 5 )*([(Op © /C) El (0 ? © £*)] ®( S x 5 )*Af O p ) 

* [<?*(Op © /C) IS g*(Oy © £*)] © A? Op ^ Af ( 5 ,(Op © /C) © 5 *(Op © £*)) 
and we conclude by proposition 6.6 since g*(Op © /C) © g*(Op © /C*) = ?7*p*(i 7 2 ) © ??*/9° pp (F 2 ). D 
Finally, consider on7x7 the objects T and T* € £> 6 (y x F) defined as the following complexes 

F 



F * 



S 2 VF©F n * 



VF 
VF 



■ Ff M Fi 



F 2 * El F 2 t 



(22) 



F * El F 

© 

El Fi 

© 

F 2 * El F 2 



W* 
W* 



Fj* El F 



r 



(23) 



Lemma 7.4. VFe We 7r*T* © D e T>d£ for n = 6, 7. Further, if n = 6 we We 7r*T © £> € £>5b 3 ; and 



HP 



i/n = 7 we have ir*T ©£> G P|, 5 . Moreover, if n = 7 then H~ 5 (T ©tt*(Z))) = pJ(A^(-7iJy)) ; w/iere 
A y :F^7xY w the diagonal. 

Proof: First of all note, that using the definition of objects F 2 , F[ and Fq we can rewrite T* in the form 



T* r IT 1 * 



^0 



\F[ 



1F 2 }. 



Arguing like in the proof of lemma 7.2 we can show that 



(r, x idp x r,),pf((F£ El Op IEI F£) © 2) = Af( w (F fc *) © n*pT{F' k )). 
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Further, by lemmas 6.4 and 6.5 we have r]*P*( F o)'V*P*( F i) € I ) - 1 ( p )> V*P*( F 2*) G £>-°(P). On the 
other hand, by lemma 5.6 we have i]*P* PP ( F o) e ^(P), V*P* PP (F{),T ] *p° PP (F 2 ') £ £>^°(P). Combining, 
we deduce the first claim. 

Similarly, T can be rewritten as 

T {Ff B F 2 -> F[* M Fi -> Fq* M F }. 

Again, we have (r? x id P x r))*pf ((F' k * M Op M F k ) Af (7?*p*(F^* ) ® f?*p° PP (F fc )) and we deduce 

the second claim from proposition 6.7. 

Finally, put n = 7 and consider the spectral sequence 

e -p,q = H«(( F ;* B F p ) ® tt*(ID)) = 7Y n (T ® 7T,(S))). 

Since (r? x v)*pl({F k * B F fe ) ® tt*(2))) = Af (r?*p*(F^*) ® 7?*p° pp (F fe )) it follows from proposition 6.7 that 
E~ 5 = Eg 2 - 3 and 

E 2 2 - 3 = Ker(7i:- 3 ((^*KF 2 )®7r*(D)) ^> H~ 3 ({F{* B Fi) <8> 7r*(2)))), 

E3 2 - 3 = Ker( E 2 - 2 '- 3 ^ 7Y~ 4 ((Fq* B F ) (8) 7r*(2)))). 

It follows also from propositions 6.6 and 6.7 that the first of the above differentials is a morphism 
d\ : A^(7£(— 7H Y )) — > Ajf^i- Let us show that this map is zero. For this we note that by proposition 6.7 
the restriction of d\ to the open subset Y\Z=Y\ZcY takes form 

It is clear that this map is induced by the canonical section of the vector bundle /C* B W/KL on Y x V. 
But this section vanishes on the diagonal Y C V x Y, hence the above map is zero. Finally, since 
the sheaf 3l on Y is torsion free, it follows that the map d\ : A^(TZ(—7H Y )) — ► A^Ji is zero on the 

~ 2 3 2 3 

whole Y, hence E 2 ' = E 1 ' . Similarly, the second differential of the spectral sequence is a morphism 
d 2 : AX(K(-7H Y )) -» A^fo- Its restriction to?\2 = 7\Zcy takes form 

5nd(0 ? ^ © K^\~) °y\z( H y ~ H g) ® (A 2 (W7/C)/0 y (F G - Fy)),^ ® fnd (°y\z ® %\z) 

In the same way as before, it is clear that this map is induced by the canonical section of the vector 
bundle O y (H Y - H G ) B (K 2 (W/K,)/O y {H g - H Y )) onFxf. This section also vanishes on the diagonal 
Y C Y x Y, hence the above map is zero, and since the sheaf 3o on Y is torsion free, it follows that the 
map d 2 : A%(K(-7H Y )) -> A^fo is zero on the whole Y, hence E3 2 ~ 3 = E^ 2 ~ 3 . Thus we see that 

H- 5 (T ® 7r»(S))) = E^ 5 = E3 2 '" 3 = E 2 2 '~ 3 = E~ 2 '~ 3 = 7i -3 ((F 2 * B F 2 ) © tt*(2))) = pJ(A^(-7Fy)) 

which completes the proof. □ 



8. The kernel 

Recall vector bundles Fo,Fi,F 2 on X and Fo,Fl,F2 on Y defined in (11) and (13). Note that the 
spaces Hom(F 2 ,Fi) ^ Hom(Fi,F ) = W* are canonically dual to Hom(F 2 ,Fi) £S Hom(Fi,F ) ^ W. 
This allows to construct canonical maps onlxF 

E k MF k ^W® (F fc _! B F fe ) F fc _! B F fc _ l5 

where the first map is the coevaluation E k — ► Hom(Ffc, E k _i)* <g> Ffc_! tensored by Ffc, and the second 
map is the evaluation Hom(Ffc, F k -i) <8> Ffc — > Ffc_i tensored by Ffc_i. 

Lemma 8.1. T/ie composition of the morphisms F 2 B F 2 — > Fi B F\ — > Fq B Fq is zero. 
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Proof: The maps are given by the canonical elements \dw £ W* <8> W = Hom(Ffc, E^_{) <g) Hom(Ffc, F^-i), 
hence there composition is given by the image of \dw <8> idw € IY*® 2 (8) lY® 2 in S 2 W* <8> A 2 tY = 
Hom(£ , 2, Eq) <g) Hom(F2, Fo) which is easily seen to be zero. □ 

We consider the complex {E2 F2 — > £1 IE1 Fi — > Eq M Fq} as an object of the derived category 
V b {X x Y). Let Y) denote the incidence quadric 

Q(X,Y) = (X xY)x (P , xP) Q, 

where Q C P v x P is the usual incidence quadric. Note that Q(X, Y) is a divisor on X xY, and moreover 

Q(X,Y) e\H x + H Y \, 

where Hx and Hy are the divisor classes of hyperplane sections of X and Y respectively. 
Let i : Q(X,Y) ^IxY denote the embedding. Then we have the following resolution 

- XXY (-H X - H Y ) - Xx y - i*0 Q{XY) - 0. (24) 

Lemma 8.2. There exists a coherent sheaf £ G Coh(Q(X, Y)) such that 

-> F 2 E F 2 -> Fi B Fi -> F E F -> i*£ -> (25) 

is an exaci sequence. Moreover, i*£ € ^oppA"- 

Proof: Consider the locus of pairs of intersecting subspaces in X x G = Gr(2, W) x Gr(n — 4, W) and 
let T C X x Y" be its preimage. It is clear that T is a subscheme in Q(X, Y) (if the kernel of a skew- 
form intersects with a given 2-dimensional subspace then this subspace is isotropic for the skew- form). 
We are going to show that £ = J T q^ X y)^ x + ^g), the sheaf of ideals of T in Q(X,Y) twisted by 
®Q(XY)(Hx + Hq). For this we consider the projectivization Fx(M) and the following morphism of 
vector bundles on ¥x(U) x Y: 

Cp x (w)/x(-l) iO^WBO^iy® Px(w) Kl O y — > Px(w) IS (IY//C) 

(the first two morphisms here are the natural embeddings and the third morphism is the natural projec- 
tion). The composition can be considered as a global section of the vector bundle 0p x (wwx(l) ^ (Wlty 
on ¥x(U) x Y. The zero locus of this section is a desingularization T of T. Consider the Koszul resolution 
of on P X (W) x Y: 

• • • ^ Op x(w) /x(-2) B A 2 /^ -> Px(w)/ x(-l) B /C^ -> Px(w)x? - O f - 0. 

Its pushforward to X x Y gives the following resolution of Or 

-► S 2 U{-H X ) B A 4 /C x -► U{-H x ) ® A 3 ^ -> O x (-H x ) B A 2 /C x -► Xx? O t -» 0. 

Twisting it by O x {H x ) B O y (H G ) and taking into account an isomorphism A k K,- L (H G ) = A 4 ~ k (W/IC) 
we obtain the following resolution of Ot(Hx + #g) : 

O^5 2 WKO f ^W0 (Wy/C) -> Ox B A 2 (IY//C) -► O x {H x ) B O y {H G ) -► O t (# x + #g) -» 0. 

It remains to note that the composition of the canonical embedding Ox^O Y (H G —Hy) — > OxBA 2 (tY//C) 
with the map Ox Kl A 2 (tY//C) — > Ox{Hx) B O y {H g ) from this resolution coincides with the embedding 
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O x 8 Oy(H G -H Y ) -> O x (H x ) B Oy(H G ) obtained from (24) by a O x {H x ) B 0y (# G )-twisting, so 
that we obtain an exact triple of complexes 

Ox ^ Oy(#G - iTy) Ox{H x ) M O y {H g ) 

\ II 

S 2 U M O y U <g> {W/JC) Ox B A 2 (^//C) B y (# G ) 

£ 2 ^ -^2 *- -El ^ i*l *- #0 ^ ^0 

The corresponding long exact sequence of the cohomology sheaves shows that we have a quasiisomorphism 
{E 2 MF 2 ^ E 1 MF 1 ^ E Q M F } * uJ T)Q{X yy 

To prove the second claim we first note that i*£ G V b (X)MV opp = T> oppX . Moreover, i*£ G T^ pX since 
the functor p° ppX is left-exact and i*£ G V-°(X x Y). On the other hand, i*£ G T^^ ppX ^ lemma 5.6. □ 

9. The proof 

Recall the notation P = F(A 2 W*). Let X C X x P be the universal hyperplane section of X. 

Lemma 9.1 ([K3]). The universal hyperplane section X is a smooth projective variety, flat over P and 
its relative dimension over P equals 2n — 5. 

Proof: It is easy to see that the projection X — > X is smooth (in fact it is a projectivization of a vector 
bundle), hence X is smooth. On the other hand, the fibers of the projection X — > P are hyperplane 
sections of X, hence all of them have dimension dimX — 1 = 2n — 5. The flatness is evident. □ 

Recall that the incidence quadric Q(X,Y) can be identified with the fiber product X xp Y. Let 
j : Q(X,Y) — > X x Y" be the corresponding embedding. Then the sheaf j*£ G Coh(A" x y) gives a 
kernel functor : V b (Y) -> P 6 (Af). We are going to show that the functor : D 6 (y) -> T> b (X) is 
fully faithful on the subcategory X> C £> b (y). This will take the most part of this section. We will use 
appropriately modified arguments of [K2]. 

Let a denote the embedding X — > X x P. Note that we have the following resolution of Ox on X x P 

-> O x (-H x ) M Op(-Hp) -> OxxP -> a*©* -> 0. (26) 

Let /3 denote the embedding of 7 to P x F given by the graph of g. Then we have a commutative 
square 

Q{X,Y) - * X x y 

j J/3 (27) 

* x y — x P x Y 

where we write a instead of a x idy and (3 instead of idx x (3 for brevity. Further, consider an object 
£* = mom Q{x ^(S,0 Q{Xt9) ) G V b (Q(X,Y)). 

Lemma 9.2. We have £* G T>^°' 1 \Q(X, Y)) and there is a quasiisomorphism on X xY 

{E* (-H x ) B FS(-H Y ) -> El(-H x ) m F?(-H Y ) -> £ 2 *(-#x) B ^(-^r)} = **f *[!]■ (28) 
Moreover, i*£* G . 
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Proof: Applying the functor Rrtom{— , Ox{— Hx) B O y (—Hy)) to (25) we obtain a quasiisomorphism 

{E* (-H x ) B F *(-iJ y ) -> ^(-fl*) B F?(-H Y ) - £ 2 *(-#x) B ^(-^y)} = 

RHom(z*£, Ox(-Hx) B ? (-#y))[2] 

on I x 7. On the other hand, we have Og^y) = «*0 Xx y = i'Ox{—Hx) B y (— .Hy)[l], since i is a 
divisorial embedding, and by the duality theorem we have 

= i* RHom(£, O q{x ,y)) = i* RHom(£,iO x (-H x ) B y (-tfy))[l] = 

= RWom(i*f , Ox(-Hx) B y (-#y))[l]. 

Combining these two isomorphisms we deduce (28). Now note that from (28) it follows that i*^* € 
Pt -1 ' 1 !^ x y). On the other hand, £* G V^°(Q(X,Y)) since the dualization functor is left exact. It 
remains to note that the functor is exact and conservative since i is a closed embedding. 

To prove the second claim we note that i*£* € T> x ° since the functor is left-exact and i*£* € 
T>^°(X xY). On the other hand, i*£ £ f> x l by lemma 5.6. □ 

Denote 

£i=j*£, £ #t = £*({t-n + l)H x + H Y ), Sf 1 = j*£ #t ® Op{t)[2n - 5]. (29) 



Lemma 9.3. We Jiat/e £i G P° ^, ff* G 2n ' 6 2n] . 



oppA' ' 

Proof: Use a*j* = and apply lemma 3.7 together with lemmas 8.2 and 9.2. □ 
Lemma 9.4. The junctor <& £ #o is left adjoint to . 

Proof: By lemma 2.4 it suffices to check that = R7iom(fi,o;^[dim X]). Let gi and g be the projections 
X x Y — > V and JxF^F. It is clear that go j = q 1 oj. Using the duality theorem and the functoriality 
of the twisted pullback we deduce 

RTt om(£i,ux [dim X] ) RHom(j*£ , q[0 Y ) = j* RHom(£,fq[0 Y ) ^ j* RWom(f, i ! g ! O y ) 
^ RHom(£,zV[dimX]) j* RH om {£, u x {H x + H Y ) [dim X-l]) ^ j*£*(H Y -(n-l)H x )[2n-5], 
since cj x = O x {-nH x ) and dimX = 2n - 4. □ 

Twisting (28) by C Xxy ((*— n+l)i?x+-ffy) and taking into account (29), we obtain a quasiisomorphism 
{E* ((t - n)H x ) B F * -> £j((t - n)F x ) B - - n)F x ) B F 2 *} (30) 

Consider the following diagram 

~ P12 ~ ~ P23 ~ 

y x Af -* Y x X xY X x Y 



P12 ~ ~ P23 

y x (x x p) « — y x (x x p) x y — »- (x x p) x y 

(31) 

y x p x y 



y x y 
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where q is the projection along X and tt is the projection along P. Consider the following objects in 
V(Y x P x Y): 

Ct = q*a*(p* 12 Sf t ®p 2 ^£i), &t = q*(a*p* 12 £f * ® a*P23 £ i) ( 32 ) 

Lemma 9.5. The convolution of kernels E\ and £± is given by Si o Sf* = 7T*C t G V b (Y x Y). 

Proof: Use the definition of the convolution (section 2.3) and note that 7rogoa = piz : Y x X xY ^ Y xY 
is the projection along X. □ 

Lemma 9.6. There exists an integer N G Z such that C t G T> [ ^, N,1] C V b (Y x P x Y) for all t G Z. 

Proof: By lemma 3.5 and lemma 9.3 we have p^i* ® Pra^i G V [ ~ x Nfi ~ 2n] C V b (Y x X x Y) for some 
N G Z. We conclude by lemma 3.6 and lemma 9.1. □ 

Lemma 9.7. We have an exact triangle 

^->Ct-fCt_i[2] (33) 



C £> b (r x P x Y). 



Proof: Since a^^XxPisa divisorial embedding, and A' is a zero locus of a section of the bundle 
Ox(Hx) ^ Op (Hp), we have a distinguished triangle 

a*a*^ -» ^ -»■ ^® (Ox(-H x ) B 0p(-iT P ))[2] 

for any object f onY x A'xY. Taking J 7 = p 23 £i, tensoring with p* 2 £i , applying and taking into 
account the projection formula a*(pj 2 <5** (g> 0*0*^23^1) — a *Pi2^'* < ® Q; *P23^'i5 an d the definition (32) of 
Ct and Ct, we obtain (33). □ 

Recall the objects £ G V b (Y x P x F) and T, T* G £> b (Y x Y) defined in (21), (22) and (23). 

Lemma 9.8. If n = 6 then we have C t G T>f p u C V b (Y x P x Y) for all t G Z. Moreover, 



tt*T*®2), fort = 

F$ROp(3Hp)RF 2 ®®[4], fort = 3 

7r*T<g>e> P (6iI P ) <g>£>[6], fort = 6 

0, /or t= 1,2,4,5 



in particular, Co G £>^\ C3 G D^p 5 , and C~6 G D^p 9 . 

Ifn=7 then we have C t G X>p>~ 15 C £> b (Y x P x Y) for all t G Z. Moreover, 

\*T*®D, fort = 

7T*T ® Op (7# P ) ® D [8] , fort = 7 
0, /or t= 1,2,3,4,5,6 

in particular, Cq G Dp? and C7 G D^p -13 . Moreover, Cg G PpT 13 . 
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Proof: Consider the diagram 

~ P12 ~ ~ P23 ~ 

7 x X ■* Y x X x 7 *- X x Y 



~ P12 ~ ~ P23 

Q(X,Y) Fx(IxP)< Y x (X x P) x Y ^(IxP)x7 Q(X,Y) 
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13' 



7x1 



P12 



7x1x7 



7xPx7 



— - P23 

7 x X x 7 *■ X x 7 



(34) 



7x7 

and note that the maps p\ 2 and j>23 are flat. Hence we have, 

and similarly a*pX 2 8f l = ffljfauE** <g> F (tH P )[2n - 5]. Therefore, 

C t = q^PwUS** <8> Op{tH P )[2n -5}® f3*p* 23 i*£). 

Applying (3*p 23 to (25) and ^p\ 2 to (30) we obtain quasiisomorphisms of P^p 23 i*£ and f3^p\ 2 i if £^ t [l] 
with the following complexes 

{/?*(e>BF 2 BF 2 ) ->fl»(OB.EiBFi) -> E B F ) }, 

{/?:(F * B F*((i - n)Fx) B O)-/^^ Kl - n)F x ) B O) ->#(F 2 * M E* 2 {(t - n)H x ) B 0) }. 

So, Ct can be represented by the complex 



{of 2 



c"' 1 © c t 1,2 



^0,0 „ m ^2,2 ^1,0 „ pi 



<^cf }, 



(35) 



with the rightmost term placed in degree 1, where 



nk,l 



q*(ft(F£ M E* k {{t - n)H x ) ^O)® P (tH P )[2n - 5] <g> &*{0 M E { M F,)) 



9 „((F fc * m (E* k (t - n) ® £,) H Op(tfT P ) B F) ® #Cfc 



rxxxy 



/3^yxXxy)[ 2 "-5] 



for fc, I = 0, 1, 2. To compute C^' 1 we consider the diagram 



~ p' ~ ~ (3 ~ 
7 xX x 7 >■ 7 x (X x P) x 7 < Y x X xY 



Y xY 



13' 



7 x P x 7 



7x7 



and note that 



*^YxXxY 



YxXxY 



YxY 



since q is flat. Substituting this into the formula for C t ,l we deduce 



Ct' 1 (F fc * M (H'(X, E* k {(t - n)H x ) <g> E t ) ® P {tH P )) B F) ® S))[2n - 5] 



By lemma 7.2 we have (F*KKDp(tff P )BF)<g>!D e £>g, 1 for n = 6 and (F^HOp(tfTp)KlF,)<8)S € Pg," 
for n = 7. On the other hand, it is clear that H'(X, F*((i - n)H x ) <g> £7,) e D^°(k). Therefore 

C t M GPpT 8 , ifn = 6 
C t M e P§T 12 , if n = 7 



(36) 



>>-3 
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for all t £ Z, k, I = 0, 1,2. Hence, looking at (35) we see that C t & PjjjT 11 if n = 6 and C t e X>gT 10 if 
n = 7 for all i £ Z, which gives us the first claims of the lemma. 

Now we can compute the cohomology groups H'(X, E k ({t — n)Hx) © E{) for < t < n explicitly via 
the Borel-Bott-Weil thoerem on X = Gr(2, W). We have 



i>-15 



H'(X,E* k ((t-n)H x )®E l ) Horn* (E k ,Ei((t-n)H x )) 



Substituting this into (36) and using (35) we deduce that 



S k ~ l W*, for t = n and k > I 

S l - k W[4-2n], for t = and I > k 
k[-4], for t = 3, n = 6, k = l = 2 



otherwise if < i < n 



IF © F 



o 



S 2 IF © F n * 8 P BF 2 



tf©f* 



Op IE1 F 2 



Fq IE1 Op(nHp) M F 

© 

F* IE1 Op(nHp) M Fl 

© 

F 2 * MO F {nH P ) MF 2 
and 



F 2 * El P (3H P ) El F 2 © D [4] = C 3 

IF* © Ff El P (nH P ) M F 

© 

FF* © F 2 * El Op(nH P ) El Fi 



F * El Op 13 F 



• Fj" El Op E Fi 



F 2 * E Op E F 2 
if n = 6 



> © D = Cn 



S 2 FF* © F * E Op{nH P ) E F 2 



► ®2) ^C n [6-2n] 



Ci = C 2 = C4 = C5 = 0, for n = 6 

Ci = C2 = C3 = C4 = C$ = Cq = 0, for n = 7 



The formulas and the cohomological bounds for Ct with < t < n evidently follow from lemma 7.4 and 
lemma 7.2. 



So, it remains to check that C% € Z^p 13 if n = 7. For this we need to know Cg' 1 for k < I. Computing 
H 9 (X,E* k {H x )®Ei) ^ Hom'(E k ,Ei(H x )) via the Borel-Bott-Weil Theorem, we see that C 8 takes form 

A 2 W* © F * E P (8fT P ) El F 



fe,; 



IF* 



7 * El Op(8Hp) E Fi 



FF* © F* E O f (8H p ) E F 2 



VF* © FF* © F x * E Op(8F p ) El Fi 

© 

VF* © FF* © F 2 * E O p (8H p ) E F 2 



> © D 



In particular, we see that Cg' 2 = which already implies Cg € Pep ±4 . Finally, we see that the maps 
{F x * -» VF* © F 2 *} = {/C x -» VF* © ? } and {F * -> FF* © F{*} = {A 2 /C^ -» ? (#y - H G ) © FF* © /C^} 
are injective, hence Cs £ Djjp -13 . □ 

Lemma 9.9. We have C t £ p{p 10 ' 1] (Y xPx7)i/n = 6, and C t £ pj p 14 ' 1] (y x P x Y) if n = 7 for all t. 

Proof: We know already that Ct £ by lemma 9.6. So, it remains to establish the left cohomological 
bound. It follows from triangle (33) and lemma 9.8 that for any / < —11 in case n = 6 and for any 
/ < — 15 in case n = 7 we have an exact sequence 

= n l -\Ct) -> n l - 2 (Ct) -> n l -\c t -i[2}) -> h'- 1 ^) = o. 



;>-i4 
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Therefore, H l (C t -i) = H 1 ^ ! (C t _i[2]) = H l - 2 (C t ). So, in case n = 6 if H l (C t ) ± for I < -11 then 
H l ~ 2s (Ct+s) 7^ for all s which contradicts the claim of lemma 9.6, and similarly in case n = 7. □ 

Lemma 9.10. If n = 6 then C 3 [-6] G Pg, 2 . 

Proof: Triangles (33) for t = 5 and i = 4 together with lemma 9.8 give isomorphisms C5 = C^[2] = C 3 [4]. 
Then triangle (33) for t = 6 shifted by [—12] takes form 

C 6 [_12] ->Ce[-12] -f C 3 [-6]. 

Now, Ce[— 12] G Pjjp 3 by lemma 9.8, while Ce[— 12] G Dp 2 by lemma 9.9 and the claim follows. □ 

Lemma 9.11. If n = 6 then C G V [ ^ 1] and H°(C ) ^ 7Y" 5 (C 3 ). 

Proof: Triangles (33) for t = 2 and t = 1 together with lemma 9.8 give isomorphisms C2 = Ci[2] = Co [4]. 
Then triangle (33) for t = 3 shifted by [—6] takes form 

C 3 [-6] -C 3 [-6] -Co- 

Now, C 3 [-6] G Pg, 1 by lemma 9.8, while C 3 [-6] G X>|> 2 by lemma 9.10. Therefore C G X>g>° and 

7i°(c ) = nHCsi-e}) = n- 5 {c 3 ). □ 

Lemma 9.12. If n = 7 i/ien C 7 G Z>p,~ 12 . 
Proof: Triangle (33) for t = 8 takes form 

C 8 — > C 8 — > C 7 [2]. 

Note that C 8 G X>p,~ 13 by lemma 9.8, and C 8 G ^p, -14 by lemma 9.9 
lemma follows. 

Lemma 9.13. If n = 7 then C G V [ ^ 1] and H°(C ) ^ H~ 13 (C 7 ). 

Proof: Triangles (33) for t = 1, . . . , 6 together with lemma 9.8 give isomorphisms Cq = C^[2] = ■ ■ ■ = Co [12]. 
Then triangle (33) for t = 7 shifted by [—14] takes form 

C 7 [-14] -> C 7 [-14] - C . 

Now, C 7 [-14] G V^p by lemma 9.8, while C 7 [-14] G Pg 2 by lemma 9.12. Therefore C G X>g? and 

7i°(c ) = n\c 7 [-u}) = n- 13 (c 7 ). □ 

Proposition 9.14. C G Pf p and vr*C = pJ(Ay^) G X>£. 
Proof: Triangle (33) for i = takes form 

Co — > Co — > C_i[2]. 

Now, Co G Pp? by lemma 9.8, while C_i[2] G T)^ 1 by lemma 9.9. Therefore Co G . Combining 
with lemma 9.11 we conclude that C G Pf p and C = H°(C ) = 7tT 5 (C 3 ) if n = 6 and combining with 
lemma 9.13 we conclude that Co = 7i°(Co) = 7i~ 13 (C 7 ) if n = 7. Using again lemma 9.8 we see that 

C n^{(F* m F (3Hp) M F 2 ) ® 2)), if n = 6, 
C ^?i:" 5 (7r*T®Op(7i?p)^S)), ifn = 7. 



. Therefore C 7 [2] G £>p> and the 

□ 
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Since D is supported on Y xp P x PY = Y Xp Y and Y Xp xY is finite over Y xY \t follows from 
lemma 3.7 that in case n = 6 we have 

7T*C = tc*H-\{FZ M F (3H P ) M F 2 ) ® ID) = 7i _1 (7r*((F 2 H P (3# P ) H F 2 ) ® 2))) 

^ W _1 ((F 2 * H C P (3i? P ) IE1 F 2 ) <8) 7T*S)) = pJ(Ay,^) 

by lemma 7.3. Similarly, in case n = 7 we use lemma 7.4 and deduce the claim. □ 

Corollary 9.15. The functor <& P #o o $5 : T> b (Y) — > Z? b (Y) is isomorphic to the functor p* o p*. 

Proof: By lemma 9.5 and proposition 9.14 the functor $^#o o is given by the kernel p? (Ay„7?.). On 
the other hand, by lemma 3.4 the same kernel gives the functor p* o p*. □ 

Corollary 9.16. The restriction of the functor $ fl : £> 6 (y) -> to the subcategory V C is 

fully faithful. 

Proof: We have Hom($ £l (F), $ fl (F')) = Hom($ £# o (F)), F'). But if F, F' G V then p*(p*(F)) F 

by theorem 3.2 hence Hom(p*(p*(F)), F') = Hom(F, F'). □ 

Now we are almost ready to give a proof of the main result of the paper, theorem 4.1. The final 
preparatory step is the following 

Proposition 9.17. For ever?/ 0<k<2the functor <f>* £i ovr* : V b {X) -► £> fe (y) is /ti// and /aiityW on i/ie 
subcategory {E 2 ,E 1 ,E ) = A C D 6 pf) and ta/ces to £/te subcategory (F * , Ff , F 2 * ) =B CPC V b [Y). 
Moreover, it takes the bundle A 2 (W/U) G Ao to (a shift of) F 2 * = Oy. 

Proof: The functor $* x o vr* is given by the kernel ir*£*° ^ pi*a*j*£ #0 [7] pi*/3*i*£#°[7] ^ i*£ #0 [7]. 
Using the resolution (30) and taking into account that H* (X , F£(— n) (g> F/) = Hom*(Ffc, F;(— n)) = 
Hom*(F;, Ffc[2n — 4])* we deduce that up to a shift it takes 

E hh. 'F := F *, Fi h-f'Fi := {VF <g> F * i?}, F 2 ^ 'F 2 := {5 2 TU ® F * -► W ® F x * F 2 *}. 

Since Horn (Ek,Ei) = S k ~ l W* = Hom(' F^,' Fi) and the above functor evidently induces an isomorphism 
on these Hom-spaces, it gives an equivalence Ao — &o- Finally, note that 

K 2 (W/U) = {F 2 -> W®E! -» A 2 W®E } h-» {'F 2 ->■ VP ® 'Fi -» A 2 TU <g> 'F } 

which up to a shift coincides with F 2 *. □ 

Proof of theorem 4.1. 

We are going to use theorem 2.10. We already have proved in corollary 9.16 that the functor = <&j*£ 
embeds the category V = V b {Y,TZ) fully and faithfully into V b (X), the derived category of the universal 
hyperplane section of X. Let us check that the image of the functor $ Jai £ is contained in the subcategory 
C = [(A 1 (l)MV b (P),...,A n - 1 (n-l)MV b (P))] ± . 

Indeed, for this it suffices to check that $* f£ (A t (t) Kl V b (P)) = for 1 < t < n — 1. But the category 
A t (t) E D b (P) is generated by objects of the form a*(F Kl G) with F G ,A t (t), G G £> 6 (P), and it is clear 
that 

$*^(a*(F B G)) = $*^(tt*F) ® <f G 

since the functor is P-linear. Thus it suffices to check that <J>^ f (7T*F) = for F G and 

1 < t < n — 1. Arguing like in proposition 9.17 and taking into account that 

H*{X,E* k (-n)®E) = Hom(F fc ,F(-n)) = Hom(F, F fe [2n - 4])* =0 

since F G .At(t), F& G Ao, and (12) is a semiorthogonal decomposition, we conclude that (tt*E) = 0. 
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Further, we note that by proposition 9.17 we have §*^ £ (B' t ) = Bt, hence due to P-linearity of the 
functor $j t £ we have ^*^ £ {B' t {—tHp)) = Bt{—tHy)- Finally, the subcategories Bt{—tHy) form a dual 
Lefschetz collection in T> = D b (Y,Tt) by proposition 5.4. Therefore by theorem 2.10 the noncommutative 
variety (Y,1Z) is Homologically Projectively Dual to X and its dual Lefschetz decomposition is given 
by (14). 

10. Applications to linear sections of Gr(2,6) 

In this section W is a vector space, dim W = 6, X = Gr(2, W) = Gr(2,6), Y = Pf(4, W*) is a cubic 
hypersurface in F(A 2 W*), Z = Pf (2, W*) = Gr(2, W*) C P(A 2 W*), and K is a sheaf of Oy-algebras on Y 
defined in section 3. As a consequence of Homological Projective Duality between X and (Y, 1Z) we have 
the following 

Corollary 10.1. Let L C A 2 W* be a vector subspace, dimL = r, and put L 1 - C A 2 W for its orthogonal. 
Assume that Xl = Ifl P(L^), Yl = Y f~l P(L), and Zl = Z n F(L) have expected dimension, i.e. 

dimX L = 8-r, dimY L = r - 2, dimZ L = r-7. (37) 

T/ien we have the following semiorthogonal decompositions 

V\X L ) = (C L ,A r (l),...,A 5 (6-r)) 

V\Y L ,K) = (B u (3-r),...,B 15 -r(-l),C L ). 1 ' 

Let us write down explicitly semiorthogonal decompositions (38) for different values of r. Note that 
for r < 3 we have Cl = T> b (YL,lZ) and for r > 6 we have Cl = T> h (X£). Note also that Zl is empty for 
r < 6 by (37), hence the algebra 1Z on Yl is a matrix algebra, so that D b (YL,Tt) — T> b (YL)- 

r = 1. In this case conditions (37) mean that Yl is empty, hence L is spanned by a nondegenerate skew- 
form oo € A 2 W*, so Xl is a Lagrangian Grassmannian LGr(2, W) with respect to oj. Decompositions (38) 
then give 

V\X L ) = (Ai(l),...,A 5 (5)), 

reproving theorem 3.1 of [K5]. 

r = 2. In this case conditions (37) mean that Yl = {yi, 1/2,1/3} is a scheme of length 3, corresponding to 
a pencil of skew-forms 00 in A 2 IF* with degenerations of rank 4. In this case Cl = T> b (YL), and the first 
decomposition of (38) gives 

V b (X L ) = {V b (Y L ),A2(l),...,A 5 (4)). 
In particular, we deduce the following 

Corollary 10.2. A smooth linear section Xl of X = Gr(2, W) = Gr(2, 6) of codimension 2 admits an 
exceptional collection of length 12. Explicitly, 

V b (X L ) = ($e(yi), Qeiw), ^2(1), ■ • • , A 5 (A)). 

r = 3. In this case conditions (37) mean that Yl is an elliptic curve, corresponding to a net of skew-forms 
oj in A 2 W* with degenerations of rank 4. In this case Cl = T> b (YL), and the first decomposition of (38) 
gives 

V b {X L ) = (V b (Y L ),A 3 (l),A 4 (2), A 5 (3)). 

r = 4. In this case conditions (37) mean that Yl is a del Pezzo surface of degree 3. In this case 
decompositions (38) give 

V b (X L ) = (C L ,A(1),A(2)), V b (Y L ) = (0 Yl (-1),C l ) 
Since D 6 (1l) admits an exceptional collection (of length 9) when Yl is smooth, we deduce the following 
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Corollary 10.3. A smooth linear section Xl of X = Gr(2,W) = Gr(2,6) of codimension 4 admits an 
exceptional collection of length 12. 

r = 5. In this case conditions (37) mean that Yl is a cubic 3- fold, and Xl is a Fano threefold Vu- In 
this case Cl = £> 6 (Yl), and decompositions (38) give 

V b (X L ) = (C L ,U*,0(1)), V b (Y L ) = (0 Yl (-2),0 Yl (-1),C l ), 

reproving theorem 3.1 of [Kl]. 

r = 6. In this case conditions (37) mean that Yl is a Pfaffian cubic 4-fold, and Xl is a K3-surface of 
degree 14. In this case Cl = V b (XL), and the second decomposition of (38) gives the following 

Theorem 10.4. Let Yl be a Pfaffian cubic A-fold and let Xl be the orthognal K3-surface of degree 14. 
Then we have a semiorthogonal decomposition 

V b (Y L ) = (0 YL (-3),0 YL (-2),0 YL (-l),V b (X L )). 

r = 7. In this case conditions (37) mean that Xl is a curve of genus 8, Yl is a Pfaffian cubic 5-fold (which 
is necessarily singular), and Zl is a scheme of length 14. Certainly, Zl is contained in the singular locus 
of Yl, but actually, the latter can be strictly bigger then Zl- In this case Cl = V b (XL), and V b (YL,lZ) 
is a noncommutative (partial) resolution of Yl (at Zl). The second decomposition of (38) gives the 
following 

V b (Y L , K) = (Bn(-4), . . . , B 8 (-l), V b (X L )). 

r = 8, . . . , 14. In these cases conditions (37) mean that Yl is a Pfaffian cubic of dimension (r — 2). In 
this case Cl = V b (XL), which is either zero (for r > 9), or admits an exceptional collection (for r = 8 
and Xl smooth), and V b (YL,TV) is a noncommutative (partial) resolution of Yl (at Zl). The second 
decomposition of (38) gives the following 

V b (Y L , K) = <B n (3 - r), . . . , Bi 5 _ r (-1), V b {X L )). 

In particular, if Xl is smooth we deduce that V b (YL,TZ) admits a full exceptional collection. 

11. Applications to linear sections of Gr(2,7) 

In this section W is a vector space, dimW = 7, X = Gr(2,W) = Gr(2,7), Y = Pf(4,W*) has 
codimension 3 in P(A 2 W*), Z = Pf(2, W*) = Gr(2,W*) C F(A 2 W*), and K is a sheaf of Oy-algebras 
on Y defined in section 3. As a consequence of Homological Projective Duality between X and (Y,TZ) 
we have the following. 

Corollary 11.1. Let n = 7. Let L C A 2 W* be a vector subspace, dimL = r, and put L 1 - C A 2 W for its 
orthogonal. Assume that Xl = XnPfl 1 ), Yl = FnP(L), and Zl = Z n¥(L) have expected dimension, 
i.e. 

dimX L = 10-r, dimY L = r-4, dimZ L =r-ll. (39) 
Then we have the following semiorthogonal decompositions 



V b (X L ) = (C L ,A(l),-..,A(7-r)) 
V b (Y L ,TZ) = (B 13 (7-r),...,B 21 - r (-l),C L ). 



(40) 
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Let us write down explicitly semiorthogonal decompositions (40) for different values of r. Note that 
for r < 7 we have Cl = T> b (YL,H) and for r > 7 we have Cl = V b (Xi). Note also that Zl is empty for 
r < 10 by (39), hence the algebra 1Z on Yl is a matrix algebra, so that V b {YL,lZ) = V b {YL). 

r = 1, 2, 3. In this case conditions (39) mean that Yl is empty. It follows that Xl is a smooth codimen- 
sion r linear section of X = Gr(2,7). Decompositions (40) then give 

P 6 (X L ) = (A(l),-..,A(7-r)). 

In particular, we deduce the following 

Corollary 11.2. A smooth linear section Xl of X = Gr(2,TY) = Gr(2,7) of codimension < 3 admits an 
exceptional collection of length 21 — 3r consisting of bundles S 2 U(t),U(t), 0(t) with 1 < t < 7 — r. 

r = 4. In this case conditions (39) mean that Yl = {yi,V2, ■ ■ • ,2/42} is a scheme of length degY = 42, 
and the first decomposition of (40) gives 

V b (X L ) = (V b (Y L ),A 4 (l),A 5 (2),A 6 (3)). 

In particular, we deduce the following 

Corollary 11.3. A smooth linear section Xl of X = Gr(2, W) = Gr(2, 7) of codimension 4 admits an 
exceptional collection of length 51. Explicitly, 

V b (X L ) = (yi), . . . , *e(V42), S 2 U(1),U(1), 0(1), S 2 U{2), U(2), 0(2), S 2 U(3),U(3), 0(3)). 

r = 5. In this case conditions (39) mean that Xl is a Fano 5-fold of index 2, Yl is a curve of degree 
degY = 42 in a half-canonical embedding (so that <7(Yl) = 43), and the first decomposition of (40) gives 

V b {X L ) = (V b (Y L ),A 5 (l),M2))- 

r = 6. In this case conditions (39) mean that Xl is a Fano 4-fold of index 1, Yl is a canonically embedded 
surface of degree degY = 42, and the first decomposition of (40) gives 

V b (X L ) = (V b (Y L ),A 6 (l)), 

r = 7. This case is the most interesting. Conditions (39) mean that both Xl and Yl are Calabi-Yau 
3-folds, and decompositions (40) boil down to just an equivalence of D b (XL) and T> b (YL). Note that we 
don't need Xl and Yl to be smooth. Let us formulate this result explicitly. 

Theorem 11.4. Assume that dim FY = 7, dimL = 7 and let L C A 2 IY*. If P(L) doesn't intersect 
Gr(2, W*) C P(A 2 FY*) and the corresponding linear sections of the Grassmannian Xl = Gr(2, TY)nP(L J -) 
and of the Pfaffian variety Yl = Y n f(L) are 3- dimensional, then we have an equivalence of categories 

V b {X L )^V b {Y L ). 

As it was explained in the Introduction, this theorem is a generalization of the result of [BC]. 

r = 8. In this case conditions (39) mean that Xl is a canonically embedded surface of degree deg AT = 14, 
Yl is a Fano 4- fold of index 1, and the second decomposition of (40) gives 

V b (Y L ) = (B 13 (-l),V b (X L )). 

r = 9. In this case conditions (39) mean that Xl is a curve of degree degX = 14 in a half-canonical 
embedding (so that g{XL) = 15), Yl is a Fano 5-fold of index 2, and the second decomposition of (40) 
gives 

V b (X L ) = (B 13 (-2),B 12 (-l),V b (X L )). 
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r = 10. In this case conditions (39) mean that Xl is a scheme of length degX = 14, Yl is a Fano 6-fold 
of index 3, and the second decomposition of (40) gives 

V\Y L ) = (B 13 (-3),B 12 (-2),Bu(-l),V\X L )). 

In particular, we deduce the following 

Corollary 11.5. A smooth 6-fold linear section Yl of the Pfaffian variety Y admits an exceptional 
collection of length 23 consisting of sheaves <&* £ (xi), i = 1, . . . , 14, where Xl = {xi}, and of the bundles 
F£(t),F?(t),F£(t) with -3 < t < -1. 

r = 11,..., 20. In these cases conditions (39) mean that Xl is empty, and Yl is a Fano variety of 
dimension r — 4 and of index r — 7, and the second decomposition of (40) shows that the objects and of 
the bundles F^t), Ff(t), F£(t) with 7 — r < t < — 1 form an exceptional collection in the derived category 
of a noncommutative crepant resolution (Yl,TZ) of Yl- 
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